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ABSTRACT 

This report deals with the study of electrostatic leaves in bcundeo J 

hot plasmas and, except for a few dc measurements, is theoretical. ;' 

The study is broadly divided into two parts. The first section la- ; 
i 

vestigates raves in a diode system with no dc magnetic field applied. A 

dc analysis of the equilibrium plasma produced within a thermionic diode 

is undertaken to provide a basis for the rf analysis, and expected plassa 

densities in the diode are computed for a variety of practical situations. 

Electrostatic wave resonances in the diode are predicted by using the 

hydrodynamic model for the noruniform plasma. The impedance of a unifors 

plasma diode is obtained by using a kinetic model of the plasna. This 

model enables us to take into account the end plate electron absorption 

loss, a process similar to that which causes end plate diffusion in the 

Q-machine.  The absorption loss is fcund to have a large effect on the 

impedance of the diode. 

The second part of the report deals with the study of guided waves 

along a cylindrical column of Maxwellian plasma in a magnetic fiel'S. A 

dc study of the plasma column is first conducted. Theoretical density 

and current profiles are obtained and are compared with the aei-.f  re- 

sults.  Since an rf analysis using a self-consistent dc solution i«   <.e 

involved, the plasma column is approximated by a uniform plassa with a 

sharp boundary and no drift. To obtain the rf fields in such s column, 

a plane-wave solution for an infinite Maxwellian plasma in an applied 

magnetic field is first obtained. By superimposing infinitely »any 

plane waves, the fields within the column are constructed,, and ».-/ matching 

the appropriate fields at the boundary, a dispersion relation is derived. 

The solutions to the dispersion relation reveal the existence of a 

new type of unstable waves. When only the electrons are asruaed to respond 

to the electric field, the surface waves which propagate when .   < 
ce   pe 

are found to be unstable. When the ion motion is included, additional 

unstable surface waves ire obtained whenever _  ^ _  .  A studv of the 
ci   pi 

instability shows that it is due to finite Larmor radii effects *nd is 

driven by the transverse energy of the particles. 

iii 



. 

While ths "electron" surface wave instability is reistxvely «eak 

■ cd can easily be stabilized by asking _  > -.  .  the "ion" surface 
ce   pe 

«ave instability is found to be very strong, and toe stabilizing condition 

of _ . > _   is not easily attained in high deusitr plasass such as 
ci   pi 

those in fusion machines.  Thus, the unstable ion surface saves say have 

a serious effect oc the containment of the fusion plasma. 

IV 
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INTRODUCTION 

The object cf this study is an investigation of electrostatic waves 

in bounded bot plasmas. While the bulk of prior work on electrostatic 

waves is restricted to infinitely extended plasmas, our study emphasizes 

the effects due to finite plasma boundary. Originally we hoped to avoid 

complications due to Instabilities by restricting our work to near equi- 

librium plasmas. Yet in the study of a perfectly Maxwellian magneto- 

plasma column, we uiscovered unstable surface waves which are due to 

finite Larmor radii effects. 

Plasmas in perfect thermostatic equilibrium are generated inside a 

black body, and our work on the subject of equilibrium plasma generation 

and the waves in such plasmas is summarized in Section A below. A near 

equilibrium column of plasma is obtained in a magnetic field between 

electron and ion emitting end plates. Prior work on electrostatic waves 

in such plasma columns and our own work which lead to the discovery of 

unstable waves is summarized in Section B. A brief review of known in- 

stabilities in Section C places the newly discovered instability into 

proper perspective. 

A.  PLASMAS IN PERFECT THERMOSTATIC EQUILIBRIUM 

Theory and interpretation of experimental data on plasmas often 

suffer because the deviations from equilibrium are not known exactly. 

A situation in which all of the constituents are in equilibrium may be 

found inside a black body. A study of the dc states of an equilibrium 

plasma bounded by thermionically emitting walls is undertaken in Chapter 

II. An earlier work by Nottingham considers the diode geometry con- 

sisting of two parallel infinite walls emitting only electrons. In such 

a system the electron density within the diode spuce was found to be 

highly nonuniform and became very low at a distance of a few Debye lengths 

away from the wall. We show that under equilibrium conditions a small 

amount of ions emitted from a thermionic emitter can neutralize the 

electron space charge to form a plasma in the diode space. This is il- 

lustrated by computations based on diode walls made from pure refractory 

metals. The effects of enhanced ion emission from the walls due to the 



introduction of alkali vapor in the diode space are also examined. Some 

experimental measurements for a sodium plasma are given and compared with 

the theoretical prediction. 

Electrostatic waves within the equilibrium plasma diode are studied 

in Chapter III. The nonuniform sheath effects are investigated by means 

of the hydrodynamic model of the plasma. Previously the hydrodynamic 
2 ^ h model was uued by Weissglas and later by Parker^ to explain the Dattner 

resonances in a nonuniform plasma column. As opposed to these previous 

works on free boundary sheaths, our study is directed to the cathode 

sheaths bounded by an emitter. 

In the second part of Chapter III we present a study of end plate 

loss effects by using a kinetic model of the plasma. The end plate 

losses are due to the same mechanism which causes end plate diffusion 

in a plasma column such as that produced in the Q-machine.  When par- 

ticles iu the magnetized plasma column are absorbed by the end plate 

and re-emitted with different guiding centers, the net result is a 

diffusion of the particles away from the column. In the diode system 

consisting of infinite parallel planes, we are not concerned with dif- 

fusion, but the process of absorption and re-emission causes rf energy 

loss in the diode. An electron emitted from the wall acquires rf energy 

as it traverses the diode space, and the entire energy is lost as it is 

absorbed at the other wall. Previous work oy Hall used kinetic theory 

in considering a plasma capacitor but assumed perfect reflection of the 

particles at the boundary and thereby neglected the end plate loss effects, 

In our study we include the absorption effect at the end plate, but 

because of the extreme complexity of kinetic analysis, we were able to 

study only the case of a uniform plasma in the diode space. 

B. ELECTROSTATIC WAVES IN A PLASMA COLUMN 

In a practical plasma the emitting plates are not infinite in extent. 

In fact, plasmas are often produced between two circular emitting plates 

which are separated by a distance several times greater than the plate 

radius.  Confinement of the plasma in such a column is achieved by ap- 

plying a magnetic field along the axis. A dc study of such a column of 

magnetized plasma is given in Chapter IV. Theoretical density and 



current profiles are computed from an appropriate solution to the Boltz- 

mann equation and a comparison is made with some experimental results. 

The study indicates that the plasma column may be approximated by a 

uniform plasma with a sharp boundary. To simplify the study of waves in 

the plasma column, it is essential to assume that the column is uniform. 
7 

In 1957 Gould and Trivelpiece used the cold plasma model to predict 

electrostatic wave propagation along a uniform plasma column such as the 

one shown in Fig. 1.1. The dispersion relations for cylindrically sym- 

metic waves along such a column are shown in Fig. 1.2. When CD > CD , 
c   p 

propagation is confined within two frequency ranges> 0 < CD < CD  and 
r~2—2 -   - P 

CD < CD < /CD + CD . Whether the plasma completely fills the waveguide 

or not, these passbands are unaltered as long as CD > CD . However, c   p 
when CD < CD ,  filled and unfilled waveguides have different passbands. 

c   p' 
For the completely filled waveguide, the two passbands are 0 < CD < CD 

i~2        2 C 

and CD < CD < /CD + co . When the plasma does not fill the waveguide, 
P V P     C , J~ -v 

the upper passband is as before    (CD   <CD<   /CD    +CO    /,    but  the lowest \p      vp   c '' 
order mode of the low-frequency band propagates in the band 0 < CD < 

I 2   2 
(CD + CD )/2 as shown by the dotted line.  This particular mode is a 

p   c 

WAVE GUIDE 

FIG. 1.1.  CONFIGURATION OF PLASMA IN A 
CYLINDRICAL WAVEGUIDE. 

3 - 



1.6- 

1.4 —FILLED   WAVEGUIDE 
.   UNFILLED WAVEGUIDE 

« 

$•0.5 

FIG. 1.2. DISPERSION RELATION FOR WAVES IN CYLINDRICAL PLASMA 
COLUMN. Dispersion relations for waves in a cylindrical 
column of cold plasma are given for two cases. The diagram 
on the right shows dispersion relations with u>c = 1.2 co« 
and on the left dispersion relations with coc = 0.5 

U)p are 

shown. The quantity ka is the product of wavenumber and 
the waveguide radius. 

(CD + CD )/2 in that the x p   c 
fields are strongest near the edge of the plasma. Such a surface mode 

cannot be excited in a filled waveguide. In Chapter VI attention is 

directed toward this surface wave which becomes unstable when the 

temperature effects are included properly. 
8 

Agdur and Weissglas used the hydrodynamic model of the plasma to 
o 

point out the temperature effects. Later Jayson and Lichtenberg^ used 

an electron plasma model with Maxwellian velocity distribution along the 

magnetic field but with zero transverse temperature to compute dispersion 

relations for waves in filled waveguides. Kuehl et al   used a fully 

thermal plasma model but with infinite magnetic field to compute the dis- 

persion relation in the identical geometry. The models of Lichtenberg 

<md Jayson and Kuehl et al yield Landau damping of the modes, while 

tne hydrodynamic model does not. The study of waves in fully thermal 
11 12 

unbounded magnetoplasma has beea conducted by several authors,  '  but 

the waves in a magnetoplasma column have not been treated before due to 

the extreme computational complexity involved.  This paper reports the 

study of waves in a magnetoplasma column and the discovery of surface 

wave instabilities. 



In preparation for the study of eloctrostatic-wave propagation in a 

magnetized plasma column, a dielectric tensor appropriate for an infi- 

nitely extended Maxwellian plasma is obtained in Chapter V. Our dielec- 

tric tensor is simpler than the "dielectric" tensor presented by Stix. 

The simplicity of our dielectric tensor results from subdividing the 

plasma current into polarization and magnetization currents. A cylin- 

drical wave solution * jpropriate for a uniform column of Maxwellian 

slasaa is synthesized from plane waves and the dispersion relation for 

the eaves is obtained in Chapter VI. At low magnetic fields (CD < tu ) 
c   p 

the surface *sve along the column of a Maxwellian electron plasma is 

shown to be unstable, the nature of the instability is studied by means 
1H 15 

of Derfler's stability criteria.  '   The surface waves which occur 

near the ion cvclotron frequency when a) . < cu .  are also found to be ci        pi 
unstable.    Since the complete analysis is so vast,  only the lowest-order 

cylindrically symmetric sode is numerically analyzed. 

C.  INSTABILITIES 

Plasma instabilities can be divided into two general groups, micro- 

instability and mscroinstsbility. The instabilities which cannot be 

derived from the standard magnetohydroJynamic equations but which depend 

on detailed microscopic equations for the plasma are classified as micro- 

instabilities. We are interested primarily in the microinstabilities 

which occur in a finite geometry. 

Among the macro!nstabillties in a current carrying plasma are the 

well-known kink and sausage instabilities t'hich are caused by the inter- 

action of the plasma with its self-magnetic field. Another instability 

which occurs in a plasma with a directed current is the Kadomtsev insta- 
ll 17 

bility. J The Xelvin-Helmholtz instability ' occurs in a stratified 

fluid in which the adjacent layers are in relative motion. 

The above instabilities can be obtained from the fluid model of the 

plasms. The second class of instabilities, the microinstabilities, may 

be divided into two broad groups. The first are those instabilities 

which are caused by the peculiarities of the velocity distribution and 

»ay be called velocity space instabilities. The second group of insta- 

bilities depends on the plasma geometry. A simple example of the first 
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ii.   DC STATES or aawxB PLASMA 

Often plasaes produced is the laboratory differ fro« • true therao- 

Lcel eqfuliibrlan plssae.     la sack aoceoulllbrlua plasnas  lit« energy 

distribution of the constituents (electron,  ions,  neutrals and radiation) 

deviates slgnlflcently fro» Boltsaaaa's probability law (exp - E/RT). 

These aeriatica* are an apparently inexhaustible source for the discovery 

of nan izMtse&iities,  designed by nature to »innately restore equllibriun. 

interpret* t iota of expennestal data  frequently suffer because 

rietioas fron ecaulibriue »T* arrer known exactly.    A situation 

all cxxwtltaeuts are as close as possible to strict ihemodynasdc 

til art as nay be Jonas within s boundary consisting of walls which 

ill) «a: elect ran*,  ions, and neutrals.    In this chapter ae 

«1.;  enactae she dc properties oi equilibrluB piasxas bounded by such 

SheTaaeaaceiay eaitiisg seals.    Sanencal results are girea for 

2x itas section we investigate theoretically tne plassa produced 

t*e tea ixiiiiiie plane eauiiiag walls as shows is Fig. 2.1.    Tbere 

.» as  net dc eotestial across tbe dioda, and the emitter* «adt electroas 

saost THHiAer ratio 

c c-aaai derail 

a a  'L;   a (L),    which Is  fixed 

the «tur.il 

EMITTER 

yl 

/ 
/ 
/ 

A 

EMITTER 

Tin DQ7T3& 



In the past a great deal of work has been done on diodes consisting 

of thernionic emitters. The majority of these papers deal with the study 

of <Jc and oscillating states with a nonzero dc potential applied across 

the diode. An early work on the thermionic diode with zero net potential 

was given by Nottingham, who treated the problem in the absence of ions. 

Without the ions he found that the electron density was highly nonuniform, 

•33 ii the spacing was much greater than the Debye length, the density 

*t the «idplens was very low. Eichenbaum and Hernqvist * included the 

ion emission but studied the problem using the collisionless Boltzmann 

equation, never allowing the empty regions of the phase space to *ill up. 

Figure 2.2 illustrates the model used by Eichenbaum and Hernqvist with 

tae shaded region of the ion phase space unfilled. Such a nonequilibrium 

analysis is not realistic when there is no net potential across the diode, 

Langmuir  examined an equilibrium case but with one of the planes at 

infinity. 

terns ELECTRONS 

FIG. 2.2.  PHASE SPACE SKETCH FOR THE ELECTRONS AND IONS. 

In our problem, we assume a strict thermodynamic equilibrium and fill 

the phase space completely according to Boltzmann's probability law, and 

hence the scale-height law is used for the electron and ion densities. 

By taking the potential to be zero at the midplane (x = 0), Poisson's 

equation becomes 

«ft 

dx 
= ~ T ^n+(*) " n_(x)' 

f {■♦<=>  -Pf" 5] -  ..(0)  -4S]}     • (2.1, 



At this point normalized quantities 

JT\ DO 

and 

r\ = 
eV 

a2 
n (0) 

u n (o) 

with the Debye length at x = 0, 

DO 
\n (0) e2/ 

are introduced, and Eq. (21) is thus reduced to 

(2.2) 

Let us first consider the case of a < 1, the "electron" rich case. 

The boundary condition at § = 0 is 

n » 0 ,    Ti' - • _ r 

By introducing a new variable 

?.      r\ w    = e    , (2.3) 

the solution to Eq. (2.2) is found to be 

F(a,w) = K(a) - § (2.4) 

where    F(a,w)    is the elliptic integral of the first kincT'  with 

modulus    a, 
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': y(i-t*)Ci-aft') 

«  r5 . 

•od 1(a) s F(a,lj is t*e coaplete elliptic integral. T>tl« i*r 
2- 

integrals are available. 

By lnvertlae. Be,. (2.*). «• oetela 

«* {3} - S*3l !«.= 

«here    sn£K(a) - 5,2'    is the Jecobi elliptic 'cacSiss*    «it* 

a    »nd irputnt    I {a}-?.    Beace, 

- x -2 ii saji [aj - 

Equation (2.7) eaablea as i« calculate ike aeiaassai as a Sncs&ax 

of z provided a is kaova. Generally, 3 is a eassai:? *e s«ak it 

tens of a sialiar qeaatity gi««a as  lie aatitter surface.    Let 

a*  » "^ 

ee knew froa t»e scale-helcbt lev tast 

B_(L) » a {:} ea»f- 

sod 

Hence, 

a (L)  » ■ (.} expf-~ 

or 

3    "a    \ 

i; - 



L    tout «aaaiitlss wnlmmf* at tas sarfscc of tke 

tt«r.    S: 

.    «      -  ■»    « /■-<-i\ly2    ,     / \\    * 

fit.   '£.«•';  *a?a as tymmzlmm 

* 2   c_ -L 

«rsiaat« fct.     ?.:     »■■     x  * L    astf «fetsas 

= ■ r  **-?." 

f:it St.   *i.5,   *  Sssaly »3  UII w.    i. V wwtwm    2    »iSi    5    as • 

ysrsBs««r. csx fta >lac?«c as s&oa-x &z Fi$. 2.J.    Fras ta* (xsafe    3    can 

ft« tWanaial Jos- raven: lelaes »7    *    a« U 'v
Ji  t sa4, cwmantly, 

% s 'i      ***    a is      cax ft» oa»iaa*e«s. 

Tb* lalisaasf i-repenie* ©!  tft* iacotta ell lav; ac  fssriioa aatf  Use 

ell:.j--i£   ir'ac^at* *r* acrii  ustin^ t*re. For    2 —   I    we tare 

22 

»it.-    * sa« a - — cos a,a - six a cos a,     '2.11, 

Tb*s.   ;*r    2 —  »,  £%.   '£."     »senates 

1 £ 

afea«* i*  il« relaiica ooisiaeä t>?   Stttaacsss for ii* case of a sore 

electro* claae. 
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1000 

FIG. 2.3.  RATIO OF ELECTRON AND ION DENSITY, 
O2 = n (0)/n_(0),  IN MID-PLANE AS A FUNCTION OF 
SEPARATION DISTANCE 2L IN UNITS OF DEBYE LENGTH 
X  FOR DIFFERENT VALUES OF ß2 = n(L)/n (L). 
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For a approaching unity we have 

12     2 
sn(u,a) « tanh u + -r  (l-a ) sech u[sinh u cosh u - u] ... (2.12) 

and 

K(a) M la\ 
(l-a) 

1/2 (2.13) 

For small values of   w    or    vß/Ö,    we also have 

F(a,w) M w - -r w  (l+CT)   ... (2.1V) 

By shifting the origin to the wall, 

5' - - 5 + L , 

using Eq,  (2.9)    and letting the other wall go to infinity    (a-» l),    we 

obtain from Eq.  (2.7) 

Ti « - 2 la sn[F(l,yp) + §*,  1] 

M - 2 la, sn[ /ß" + §',  1] 

M - 2 la [tanh (/ß~ + §')] (2.15) 

which is the result given by Langmuir for the semi-infinite plasma bounded 

by an emitting plane. 

Thus far, we have been concerned with electron rich cases. The ion 

rich cases can be derived simply be re-defining the parameters a,  ß, 

T) and A.   as shown in the table below. 
IKJ 

Symbol 

a2 

DO 

Electron Rich 

n+(L)/n_(L) 

n(0)/n_(0) 
p 

KT e /(e n_(0)) 

eV/KT 

Ion Rich 

n_(L)/n+(L) 

n_(0)/n+(0) 

*T «c/(e
2n+(0)) 

- eVAT 

13 



p^k''. '■ 

With the new definitions, the Poisson's equation becomes identical to 

Eq. (2.2) with a < 1. 

B.  NUMERICAL EXAMPLES WITH PURE METAL EMITTERS 

To give some idea of the types of densities and potential profiles 

which can be expected inside a "black body/1 we give some numerical re- 

sults based on emission data of pure refractory metals. In practice 

the quantity ß = n (L)/n (L) is not easily obtained because the data 

on ion emission rate from various metals are scarce. For the numerical 

computations we use the following empirical formula on ion emission from 
29 molybdenum emitter as given by Wright '  and the Richardson equation for 

2 
electron emission. Current densities are given in amps per cm . 

e0+ k 
U J+ = 28.39 " Tx" ~ 

0,i*53 ** T + 6'22 x 10 T ,   (2.16a) 

J_ = AT2 expf- ~) (2.16b) 

. 

with 

2 
A = 55 amp/cm 

a   = 8.3 volts 

0_ = 1+.37 volts . 

In the computation the emitters are assumed to be 1 cm apart. In Fig. 

2.k  plots of n , n(0), n (0)  and X   versus 1/T are given. The 

neutral density n  is obtained from the data piovided by Honig.J  The 

graphs rhow that above 2000 K the space charge is practically neutral- 

ized at x a 0. For T < 1800 K the diode space consists almost en- 

tirely oi electrons, the density is very low and the Debye length is of 

the order of the diode separation. Figs. 2.5 and 2.6 give potential and 

density profiles for T ■ 2200 °K. 
We were somewhat startled to find that the space charge neutralization 

requires only a small amount of ion emission from the walls. For the 

example shown in Fig. 2.6, the ion density at the wall is 10 /cc, which 

- Ik - 
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FIG. 2.k. ELECTRON DENSITY, n.(0), ION DENSITY, ^,.(0), 
DEBYE LENGTH ^w IN MID-PLANE, AND THE NEUTRAL DENSITY 
n0 AS A FUNCTION OF  1/T FOR A PURE MOLYBDENUM EMITTER. 
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FIG. 2,5.    ELBCnwSTATIC PCTEJirUL    r\ = eV/«T    AS 
A FOJCTIOX Or THE DISTANCE FMV KIO-PLAXE. 

-a 2 
corresponds  to so ion current density of 10      amps/cm  .    Even with such 

a small ion emission rate, «e can derive a neutral plasma whose density 

is orders of magnitude greater than that predicted by the analysis of 

Xottiagfaa« (ions abrent) or Ei.chenbaue and Hernqvlst  (nonequilibriua 

analysis with unfilled regions in phase space). 

The midplane electron density,  ion density and neutral  density versus 

l/T    for tungsten ana niobium are shown in Figs.  2.7 a=* 2.8.    For tung- 

sten the data on the neutral  density are obtained  from graphs provided 

by Honig,   and the  following empirical  formula as given by Smith-3    is 

used to compute the ion density at the tungsten emitter. 

lc 
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k(c) 

2-9- 

A jrfl-* 

.*.:«* at     r  x   .. 

(2.2L) 

. /• • CO 

v"J 
|2-*1 

f*ic 

fa - s).   Mr 

▼ - -2 -C« (-3 
1»  (!«•» bV 

(i-a) 
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For Hi« general cmrnrn of nonzero   a,    on* sost resort to sow-ical 

integration.    The following nomallsstloa la  found to be convenient  for 

leal analysis 

P- 
DC a V • a (a; 

Tae variable    9'    eeeaexaa the radius la units of    '*• <J~5f    «hlca la a 

knova quantity, «alle Use variable    p    la «oraallzed to    X_f    «hick la 

sot kaoea    a priori.    Polaaoa's eqnarloa con becoeee 

or by re-arraaglag tae right head side «e have 

££(' ^)-5ö — "*A^ «*-«J 

i 

i* - i - a* 

■eaatioa {2.2-)  latrodecea a psraaeter    :~    ebich is generally a saell 

aaaabar directly porieortloaal v* tbe fractloaal den at toe fro« neutrality 

at    p'  - 0.    For coaaarta.ioaal purposes, «a ased Se.  (2.23).    For a 

flee« valae of    3,    a series >olatios csa be obtal«ed for snail raleas 

of    ;".    Let 

* « a.f' ♦ M,<: ♦ a_p'- *  a,«' 
1^3* 

.      dr      V        d*   /        £ ^        -^3 * 
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* - V * V'2 * fa *\ ml) -2 

a"*1 - 1 - V-* »-^•"■♦(■A-VH) 

ty fwtm UM« relatloaa tat« a*.  (2.23) «X 

elects of taa life* T ttr**. «* ict 

tii- 

2a»l 
Joe    a * :,  1, 2, 

*2«« 

1      --        ,i 

i a. 

, r    .     ..'  i*4   . 
a.   1 -—-  5i* - i   J». » — p— * t  a,« 

5       tMQ   I t        5 * ? 

taiac tu* soiatioa as ta« sianiai selxt.   t4* e.'lc«a:i;  «tyu»-..-..i  1* 

ixtocrat«« aaeaeically ay • SBALSOL arccoaar« call«* "l— *re*set«r 

Corractioa fcttti,* avallaal« at  U* Stealee* Caeeatatiar Ccatar.    Ta« 

tst-*gratioa »iuci<fcr« 1» teas a? a« sit* aiifeeeai  lalaes os    i    **i:l 

to—Awy eoaoltioa ax  ta« «all  is satis:;««.    "»• raaaltia«; »elect**" 

areiiles  for a ^lyaaeaae. saatter arc saoez. «11* ta« tosajcratsre a» a 

aareaetcr is H«-. 2.1..    TW as■— M- of ta« au::c» as tazex. tc a* 

1 cm.    Tfc» carvoa aao* tast  ta« aaasst; aac. sorex'-iai proflies  5«r ta 

cyliaencal  *:*-.«  look ilka taoa« of  ta« »laaar sys:«e «MS ras race 

la — da larger taaa ta« Deo?« leartk.    ♦. 
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frectloe    i    c-t the metal  surface "»verec by a acao-iayer of adsorbent. 

Xteder »-.«-a^j  state coa&tioas.  ion and atoa emission rates are equated 

to U» arrival rates of  tie ions and »tons    u and    a  . 
a 

\ * \ ' «*. * "i 

T* aMain the steedr state -overagce, se asrune    y    = j.,,     and  the atoa 

tan ifioe rate is aaaatea1 to  tee atom arriral  rate which  is computed  fron 

-he laaur  mimai ■  of  tee adsorbent net «rial.     In  this manner,  the steady 

stele coverage    i    i* determined and hence emission rates  can be computed. 

Strict If saeaUag. oar    lammtations riolate the theraodrnaaj c equilibrium 

Ltioa slace «e mat that  the vapor temperature is not  necessarily 

iS to tae rotel  «aaaaratar».    Csieg tre resulting emission data, we 

te ute *r—.*:? end poteatial profiles for sereral differect sets of 

ttioas.    man— t£ figs. 2.11  and 2.12 are the profiles  for a typical 

case aitt-- cesiam vapor maä längstes «atiers.    Sole that  the space charge 

is aaatraS  in tie greater nortioa of  the diode space despite the large 

at Ifaraaca is tae electron amd i©* daasities aC  the vail. 

\ 

riC. 5.11.     lUWICtL DC POTÖTL4L PaOFILE Ft« A DIOBC 
»mi   3T3C5TE* YAi££ A3© CXSIEX TAPOB.     For the cooputa- 
tica.  the «all  temperature «as  \<J. °E and  the vapor 
ioaaareiare n-»s o. °C.    The «all  separation «as  taken 
to be 1  cat. 
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FIG. 2.12. ION AND ELECTRON D'JNSITY 
PROFILE. The conditions are iden- 
tical to those of Fig. 2.11. 

The midplane densities for sufficiently large plate separation 

(L » X. )  are computed for tantalum emitters with sodium, potassium 

and cesium vapors. Shown in Figs. 2.13, 2.14 and 2.15 are the midplane 

plasma frequency and the Debye lengths as functions of emitter tempera- 

ture with the vapor temperature as a parameter. In the range of emitter 

temperatures covered, the Ta-Na system is electron rich, the Ta-K system 

is either electron or ion rich depending on the emitter temperature, and 

the Ta-Cs system is ion rich. It is interesting to note that even with 

sodium, whose ionization potential is higher than the work function of 

tantalum, a good workable plasma can be obtained. The probability of a 

sodium atom being ionized by tantalum is small, but a sufficiently high 

number become ionized to neutralize 'he electron space charge in the 

diode space. 
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FIG. 2.13.    PLASMA IMOJOCI AXD TEE DEBTS LESGTH FOB A SOGICK 
PLASMA PRODUCED BETVEEX TWO TAaTALOM PLATES V3 PLATE 
TUBE.    Scdiu* teuperature is used as a par—afar. 
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FIG.  2,1%.    PLASMA FfiUQCEXC? AXD TEE DBBTE LEXGTB POM A 
POTASSliai PLASMA PMOODCED BETVEE2 TWO VAST AL» PLATS5. 
The quantities arc plotted es functions of taataloa 
temperature vita potassium vapor tanperature *s a 
parameter. 
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Kr      «OC       *X 

FIG. 2.1%    PUBH WWBCI JUE TSt OBTE LEM3Z FOB 
a cssnx T-LASK; «uuutio Brnos ?*o TAWAICT PLATES. 
Tbe quantities are (Iren as  functions of  taataias 
teapea-atare «tO i*»lan  rapor tmfiiiUr« as a 
paraaeter. 

icKsrrr «TTB sccrrar TTJLSU 

Sodiaa plasna i* produced ix a diode «kids is described is la* 

itic ereelaxs ©f r»*s. 2.lfi and 2.1~. Tbe diode consists of two 

circular tantalum outtoss of diameter l.i lacbes separated by 1 iscb. 

Tb* buttons ar* beatcd by electros. bu£jeraaieat, »ad tbe «kole tobe is 

1 aas111nil ic aa oil bstb to keep Ute tobe tenperature uni^cra and loe. 

Prorisios is ende alas to vary tbe oil batb teaperatare. The rwo c.tidö>d 

probes are for tbe Landes «are neasureneats discussed elseufeere.        Tbe 

tit/ is aeasared bj s LescsvAr probe consisting cf a long «ire of 

\_\   '.'. ..  ine* diaaeter.    Tbe prone is provided «itb aa accurate meter t 

«hieb indicates tie probe «üStaate fron ibe center line, and provisions 

are node to perai: angular notion of tbe probes as «ell.    Tbe buttons «re 

surrounded by beat  sei elds «nice aiso act  es guard rings.    Xo confine tbe 

plaaan la tbe radial  direction and aake tbe diode closely approximate aa 

Infiaite system,  ea »rial nagae;ic field is applied. 

i ' 

ir - 

L 
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FIG. 2.16.  saaamc vuanm or no FLASJU TUBS.,   A > wäu 
rspor »osrce; X « tutalaa piates.  C = griidei probe; 0 * 
kMt sfcield (gwrd rt«j);  I « boaterder filaneot;  VB « 

iy;  X    * fllneot power supply. 

FIG. 2.1".     SCHEMATIC EBAVXJC 
OF THE PKW SYSTEM.     A * 
txstaluB plate; B * gTidded 
probe;  C = Langsuir probe. 
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(3-15) 

it tihis section *e take    * > '.    To obtain the boundary 

condition, ne shall assume that a certain fraction    3(v)    of the particles 

inplngint upon the «all with velocity    v    is specularly reflected,  and 

the rest perfectly absorbed by the «all,    la other words, at    x = - L/2 

and at    x s L/2 

lx[p,- |,v) » R(v)f,[p,- |,-v) 

fl[p,|..-v)   = R(v)fl[p|,v) 

(3.16) 

(3.17) 
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4*1*7 la ivfl«cll3B.    Sy ayaüylsg tkc»* a—tmwstf e©*»lsaa» to R5».   f;.l- 

M» (3.15), a» m!MM    f?Ip? s t^, * *)    to 9*S*ia 

r    ^-1    V2 
c»-o^)*-W- f 1 ** fv^.t «»■ « 

f--.!?' 

(■* -19* 

Fro« Maxwell's equation we have 

I1[p) * JjtPf») 
+ P*QE[P,x) 

= p«cE[p,x) - e j     Jfjp^v) - fjip,*,«-?)!*      (3.2C) 

where the total current density    I       in the one diwetutlonai  systes is 

known to be independent of    x.    The quantity    I      represents the driving 

current which was assumed to be zero in the study of the lossless pias» 

resonance in Section IIIA.    By using Eqs.  (3.18) sod (3.19), Eq.  (3-2C) j 

can be expressed in the following fora j 
i 
i 

/-L/2 fUZ 
I    . p«E£p,x)+f a(|x-§|)E[p,5)dt +   I P{»,§)E£p,§)d€      («.£1) 

J-\J2 J-U2 
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Shove ia Tig*.   ;.;   and }.t are the reel *a* a.M*a*ar*  parts  of   T-t* 

(ace for differeat  raises of    S.    Sole lint,  «feex    C = i,     reavcosnees 

ebenerer    71» L  =  '2a+i)i>'2    «aere    s    is aa irtecer.    &»«!•«■,  »it* 

B = C    tbese resonances disappear eace?t   for tee ioneat  order «m .    Saare 

the spherical shell aodel does aot exhibit Laadea deapiaf.   t** l&ss ax 

this case can be attributed entirely to the ead plate absorgtio«,   *aC 

the    *"Q" of the resonance is direct IT  related to the reflection coeffi- 

cient    R. 
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tAe diode uiwiMCi  i* «et«?»:   reject».    First,   Ute jr.i srsie* exsitetts 

it tie ^un fregpciacy «feil* läse rwwace for Üb» «tod« is 

fi»c »So^e    _   .     Also,   tl* gntf i^adaace  is  ;ti:ö*.« »t _   . 
» s 

il» *Jbe aiotf» Mapaalaact  has 9£-«f  »i»3f  tie real    _     aus o«*ly *»»er 

1 « 1.    A*x>tbex iiffexesjce is  tiat  t*e rapadeace of t±-i fnäs ss pare!« 

i—ytaery «or f ream i«'«es beis»  i»e »laeaa- f; mim? «fr«le tie diode 

tsaasamci,  exceet   for *J-e case of    • a *.     ss COMB i ex for «ü   frecwesese» 

Ttoe laus ix use gr-S srstee is attrifeste« to ti>* eaerg? carnec' mr by 

t*e *»i«s  froa »be jr.t reg.so. to tie external  negsox. 

c.   ctactcouc wmFre 

Electrostatic resoaemces ix a twnwrafer» plssse 4&ode are predicted 

by  saiag tie i;T«Srod?Tsaauc «sdel  »ad a  fittsitoss bosadarr coadltioe. 

Tfecse resoasacas probabljr will be ao&fied greatly »*e« kiaetic models 

are aaed to study the diode.    Tbe asalysis of a soifera. ;;mj c.ode 

»litt tfee spberical «bell  velocity distribution shoes  that «all  absorp- 

tioa clays *B iaportaat rale ia the deteradnattoa of tbe diode uapedaace. 

Is fact, «ben complete absorption occurs at tbe «alls,  tbe OBIT resonance 

of significance occurs «baa tbe diode separation is exact IT e^uai to a 

half-aerelencth.    Because of  tbe absorption effect,  resonances are not 

found «ben auitiplee of half-vavelengtb "fit"  into the diode space. 

Thus, some of the resonances predicted by the hydro-dynamic aodel aay 

not be observable, especially those found in tbe electron-rich diode 

«here all of tbe electron trajectories hit  the sail.     (See the phase 

diagraa of Fig. 2.2).    However,  tbe resonances predicted for the ion- 

rich c?se aay be observable since sost of the electrons in this case 

are trapped in the diode jpace and do not strike the «all. 

Neither  the hydrodyndmic aodel  nor the spherical  shell model  is 

capable of exhibiting the Landau damping effect.    An analysis employing 

c more realistic gaussian velocity distribution will further modify th. 

resonances and the impedances. 
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IT.   DC imsDKT or CYLUUUC&L BOT uGsrroPutsxA 

3s Cfcapter II *•* stadaed tfee oc propartses of piassa coxfiaed betaae» 

isfiait* plaaas.     Is • practical  »Tsteai the ltvfixit« system ca» osly oe 

aaavroxaae ted cr*de*?.    Boat of  tise piece* devices rfcacs see t&* caatact 

loxisati-« process  cwssist o*  carcBlsx emitters *feicx  lace eec* oxfeer 

coaxacllr tnt  art separated 17 a distance aasj :IMS greater :ktz tie 

dsaaeter of  tie esalters.     TSfce radsal  coaJiaaeeatt  of   tie plasm*  is sack 

a system is eckaeved »y  tit ami*» sacaetic  field,     la ti*     chapter ** 

imestagete ti(* * p?«9ertaes of a cylindrical col asm. of mauset op-lemma. 

Pirat,   a tieoreiical  asaiysis sail   frs flies foiloaad is»  soa* dc m*e*A.re- 

aasii  resalts om tie cylindrical  colsaia. 

A      CTUMÄICALLT SiBMUUt SOLCTICS TO 1BZ SOLTEBtSS BOCATK» 

ok 
lie Boiixaa» «c/satass for tie   -      specs«« of  tie plasma  a* eJectrac 

asd stsgaetac fields n  fi~ea tej 

iJ.       -      *l e      _      _      _ if #1S\ 

'* ts       *a :»       v-1/oall. 

Ve seek a steady state »ol-ataoat     "t.-^"   =   .       5« 14* Boltxattsa eqraatsos 

cssder Ilse assasaptaom of aea;la$a»iy sssaiS  coilasaoe tents.     Is- o^Aa» words, 

if        * - if 
T  - —*■ * -*• "I * T »   t*   - —* 

Ve shall  assrae  farther tiea   tfce .3 lass*  as cylsadncaliT symmetric 

(i/BG *  -)    aQ* »aaform as tie di radios of  tie «xtersaliT applied dc 

aagiaetic  field    {b.'~iz =  1?-.    Aay faasctioc of  tie contexts of  tVe motaox, 

such as  tite total  eaergy.  satisfies £*._     -.2   .    -Dae «ari Sfalatiox as 

given by " 

r   rv e 
f  (v,r)   =  f     U -s- -  r  -   '        *  r    - -*■   'Z     *   r     -  Ar '*■ T"r I 



where    -sic      is * rector along  tit« aagnetic field,     r    is the 
J        *    J • \m 

coordinate vector perpendicular to the nagnetic field,    A(r)     is the 

vector potential, and    ?{r)     is the scalar potential.    As can be seen, 

Ee..  {-.;';   is given in ten» of the total energy and the total angular 

monestoB which are constants s»f notion.    The electric and nagnetic  fields 

can be derived  froc    Vr"     and    A(r)     by 

3  = v  X A(r)   ; 

I = -- v(7)   . 

*e  ;r»«ll prescribe the solution to have Msxwellian velocity distribution 

•long the axis, and, hence, 

f 'v ,7;  = A} expUL l_S + -  _   ^  x -) ^ !l £.  x  r)   . A*(r)  - J V(T j) 

(M) 
By sssuming farther that the dianagnetic field produced by the plfsma 

rotation has negligible effect on the dc magnetic field, the vector 

potential becoaes 

A = B X r 
c 

and Eq.   {-.-}  can be reduced to 

tjG.')  - Aj-*& (- T + ^  '   Cj X '> + •J-§1- - ? V# 
a) .oü   ,r 

2 

e. 

u  ) 

«here    u.   .  =    e.B   (/«.     is  the cyclotron frequency of  the   j       species, 
CJ'JO'J ' ' JK. 

Equation (-.>)  can be rewritten as 

'*{*"»*■)  = AjexP 
ft(- 

[v - Q. x r]      [a/1. + cü.0)  , |    rt      e. \ 
 J E^_^_ / . A vfr 

(*.6) 

-8 



From Eq. (4.6) we can see that the «hole species rotates as a solid body 

with rotational frequeccy CD , 

When Eq. (4.6) is specialized for electrons and ions, we have 

foi( 

and 

v,r) = Ai exp^- ^ ^  +  g  r - -A-ijJ (4.7) 

f (v.r) = A exp 
oev '     e hi 

CV - *e X r]   K - "««cJ 2  eV( 
 2  + 2  r +  m 

eV(r)\ 
m  / e /. 

(t.8) 

The density profiles and the current densities can be obtained by per- 

forming the appropriate integration of Eqs. (4.7) and (4.8). 

n
e(
r) = ae(°) exp 

n
i(r) = nt(0) 

exP 

m  /[CD -(00) ] „ e /*• e   e ceJ 2 . e „, » 
—ST I  Ö  r  +   V(r) KT \     2 m  v y 

e \ e   /j 

fcD  + CD.CD . '  „ u i   i elJ 2 
KT. 

l 
2        

r  -;fv(r)J   '     (*.">) ■)] 

(*-9) 

J
e = " 

e^e * 
r^ne(

r^ ' (*."> 

J. = e(m. X rjn^r) . (M2) 

For the special case of complete neutrality, the simple solution 

yields a gaussian density profile with mean squared radius 

2 r    = 
m 

2KT, ■2KT 

m. (CD.  + CD.CD  .)     m (CD    - CD CD    J i\  l        i ci/       e\  e        e ce/ 

(M3) 

and the electrons and ions each rotate as a solid body about the axis 

with frequencies CD  and CD.  respectively. The following restrictions 

must be placed on CD  and CD.  to avoid densities which rise with e 1 
increasing    r. 
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A» eraapl» of * anrr coBplicateö solctioc to tie BcltxMSs equation 

tvr tfe» ;       IX«««  is 

s r*      /     *" - -     * «" -~ ♦ ü - e ^frHl 
J.'r.T    «    / ■*iFäü_/«aqp 

«Kick >*  • «egts>a»iijca; €>f  r©".,»:aag derate wilt different   rotational 

trf—i HU .    • **-->  - T*1Jä «olaitoas as fimes try 

/|     a■     /   *T - Z    *  r"*      _    * _ _ „       e VfriV 

«'«• «'" H--■J-rJ-sl '' --Jr-I I        \ J   /. 

(-.2-;) 

V* feat-* aoa   £eac»$ a practical  system »tic* can be described by Eqs.   (.2-) 

•ad  [-.2; j. 

C.    SOVKTOSITIOS OF DISPLACED E£XKEXTA£Y  SOIXTIOSS 

Coder ifce assumption of complete neutrality,  a aore interesting type 

of  rolctiot* is obi**red.    Such a solution is 

ft{V)   = * f&fäexp ^- I-  3  +  3—  (r_^) )] 
(4.26) 

•here § is a vector in the r, 8  plane.  Equation (4.26) is just the 

convolution of the elementary solution and tb.2 "displacement" function 

F(§). Equation (^.26) satisfies the Boltzmann equation, but there is no 

»ay to handle the non-neutral cases in     representation. The self- 

aagnetic field will also spoil the solution.  To insure neutrality the 

distribution function for the electrons must be of the form 



I 
! 

/fm     /   { v - u>    X   (r - I)[ 
d§ F(?)  expU^ (- i i-_ 1 

+ < (^.27) 

where the rotational frequency   CD      is related to   u>      by Eq.   (4.13). 

An example of    F(§),     which may be applicable to a  practical  situation, 

is 

F(5)   =1 for      0 <   !l| 

= 0 for       111 > b J f (4.28) 

This is expected to give a solution which closely approximates a plasma 

produced between two circular diode plates of radius b  and confined by 

an axial magnetic field. For ions the expressions for the density profile 

and the current density become 

Nt(r) = 
jtr r   0      \r / 

o m v m ' 

exp (r2 ± i2) 
d§ C+.29) 

V') 
2o)iN 

2 2 
jtr r 

o m 

e c 
rt, T /2r|\ 

m I 

?2i 12XV v. >exp 
2 

r 
m  J 

d§  (4.30) 

where Jfi (r) is the 9 component of the ion current density,  I  and 

I  are zero- and first-order modified Bessel functions of the first kind, 

N  is the number of particles per unit length, and r  is as defined in 
o m 

Eq. (4.13).  From Eqs. (4.27) and (4.28), the electron density and cur- 

rent profiles can be obtained and are found to be related to N (r) and 

Ja (i)  in the following manner 
9 i 

Ne(r)  = K±(r) 

tu 
J9e<r>  - - f± 

J9i(r> 

('♦.31) 

(M2) 
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Equations (4.29) and (^-3°)  can be integrated readily numerically, and 

the results for a>,   = -00 ./2 are shown in Figs. 4,1, 4.2, and 4.3. The 
i    ci 

rotational frequency a>. is arbitrary, but the choice of tu = -to V2 

gives a solution with best confinement (smallest mean radius). In the 

figures the parameter varied for the plots is 

(4.33) 
2 

m.tu . 
1 ci 

The graphs show what we expect of a magnetically confined plasma as the 

magnetic field is varied. The density profile becomes flat-topped as 

the magnetic field is increased and, at infinite magnetic field, the pro- 

file becomes perfectly flat-topped with a sharp boundary.  In general, 

the density drop at the plasma edge occurs roughly within a distance of 

2r . The current density is highest where the density gradient is highest, 
m 

The ion drift velocity is of the order of the ion thermal velocity at 

the plasma edge. Solving Eqs. (4.21) and (4.22) for üüQ under the 

condition of T= T  and o> = -to ,/2, we find to 
X     6 X      CX 6 

tO ./4 = -CD./2. 
CI        1 

M|(r)Trr0
2 

1.0 

No 

"^S,     1 
ro 
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FIG. 4.1.  DENSITY PROFILE.  Normalized density is 
plotted versus normalized radius for different 
values of r = VBKT, /(m.a£, ). m  v  i v i ci 
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FIG.   -».2.     IOX CUUtEXT DEXSI11". Tfcc i_    cocnpoaeas oJ   :se iac 
current  density  i.»   noresiized :o /i  via  e"0 rrjr,    *a*J 
plotted vs    r  r  . 
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FIG.  -.3.     SOR32AL1ZED 10.* DBIFI VELOCITY VS    r r0.    Tfce 
drift  velocity is  normalized  to the ioa tteeriLal  velocity 
v„ . . 
ei 
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Tfciis,   the electros drift  velocit.- is  also of  the order of  the ion drift 

reloclty,   »ad, feeace,   »eligibly small «hen compared  to the electron 

therMl  Telocity. 

*"- S- Cutler3^ has derived an expression very sinilar to Eq.   (-.29) 

hat -<rtth an entirely different aethod.     After approximation Cutler 

arbitrarily sets 

-«T 
i l 

n 2. 
it _ 

1  cs 

T»is value dees  not  satisfy the inequality   [-.!-}   for real    _.     and, 

beace,  »s disallowed la our theory. 

D.     EKPSKIKCTAL mXSmEOESTS OF DC 3ESSITY A3© DRIFT PROFILES 

In the st^dasns, plasma produced in  the scanner described in Chapter HE, 

*€ attempted to treasure the aziiuuthal electros drift and the density pro- 

file.    For  the measur«neat  a nodified Langnuir probe is used.    The tip 

a-f  this pr*be *s shona in Fig.   -.-.     It  cas   be rotated so that  the dc 

arasity profile can be »ensured by   facing  the probe surface toward the 

but tons,  «Kile plasj» rotation »ay be measured by  facing  the probe surface 

in the a£i*tut£xi   direction.     The detailed circuitry and the probe  cech- 

ziqLe m*4 to overcome various pro's lens  is discussed in Appendix A. 

MOLT   ROD   0.060   01A. 

HOLY TUBE   0.135" 00-OJ080" 10-7 

W 

FIG.   -.-.     LA3GMUIR PROBE 
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With the collecting surface facing the azimuthal direction, the probe 

curve is obtained first with the magnetic field directed one way £td then 

with the magnetic field reversed. Presumably the azimuthal drift can be 

detected by noting the differences in the probe current for the two cases. 

Shown in Fig. 4.5 is a typical set of probe curves in the magnetic field. 

As the probe potential is increased from some negative value, the current 

rises exponentially and, at the plasma potential, breaks away from the 

exponential rise to form a "knee." We have plotted in Fig. 4.6 the cur- 

rent at the "knee" versus radius. There is a significant difference in 

the probe current when the magnetic field is reversed, indicating that 

an azimuthal drift is present. However, due to the lack of an appropri- 

ate probe theory, the measured result cannot be quantitatively related 

to the azimuthal driit. A similar measurement for ion drift is desirable, 

but consio^rable improvement on the probe circuits is required first 

since the ion currents are of the order of the leakage current or less. 

At 180 gauss, the radius r  as defined by Eq. (4.32) is 3 cm. This 

value is much too high to give current density profiles such as those 

of Fig. 4.6. Comparison of theoretical density profile was also made 

with the experimental density profile of a plasma proauced in a similar 
39 manner by Cutler. y    There again we found that invariably the experimental 

B= 180 gout* 

B= -180 gouts 

-2 -1 V    volt« 

FIG. 4.5. TYPICAL SET OF PROBE CURVES. The two 
curves are obtained by keeping the probe in the 
identical position but by changing the direction 
of the magnetic field, 
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180 gauss 

FIG. k.6.    AZIMUTHAL PROBE CURRENT VS RADIAL DISTANCE. The two 
curves are obtained with identical but oppositely directed 
magnetic fields. The parameters of the experimental plasma 
were: T = l800 °K; n = 3 X 10°/cc; X    =  1.7 mm. 

density profile had a much sharper drop at the plasma edge than the theo- 

retical profile. The discrepancy emphasizes the importance of the elec- 

tric field which we have ignored in our theory. The electric field may 

be set up in the following manner. The primary electrons supplied within 

the solid cylinder, due to their small Larmor radii, have a sharper boundary 

than the ions. Hence, charge separation occurs and an electric field is 

set up which pulls the electrons outward and ions inward. Since the 

probe measures the electron current, it is not surprising that the pro- 

file is sharper than that predicted by a theory which assumes complete 

neutrality. Indeed, measurements show that there Is an electric field 

present, though not concentrated near the plasma edge as might be expected. 

Shown in Fig. k.7  is the potential profile of the column. An electric 

field of approximately 0.25 volts/cm is present. 

For the study of waves along a plasma column undertaken in Chapter 

VI, we shall assume that the plasma column is uniform with a sharp 
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FIG. k.J.     POTENTIAL PROFILE. 

boundary, and that there is no azimuthal drift.  The results of this 

chapter serve to point out the range of validity of the dc model used 

in the rf analysis. 
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V. WAVES IN AN INFINITE MAGNETOPLASMA 

In this chapter we investigate the waves in an infinite uniform hot 

nagnetoplasna keeping in mind our final goal of obtaining results for a 

finite cylindrical plasma column. We a^e primarily concerned with the 

derivation of the dielectric tensors which describe the plasma behavior. 

We will demonstrate a new method to separate the plasma conduction cur- 

rent into polarization and magnetization currents. The separation is 

found to simplify the analysis considerably. 

A. THE DIELECTRIC TENSOR IN A MAXWELLIAN ELECTRON PLASMA 

Let us consider the linearized collisiunless Boltzmann equation for 

the electrons. For the moment we shall assume that the ions are infi- 

nitely heavy. Then the zero and first order equations are given by 

(v x5o* * -T = c> (5.1) 
dv 

df.  _  df     _  _    of,   _ _ of 
*+v-_±-^[vXB] • —- =- [E_(x,i) + v x B,<x,t)l • —2. dt       .-•   m oJ ~       ra  lv * ' 1- ' '-       ,-* 

ox ov ov 

(5-2) 
where f = f (t,x,v). By Fourier transforming in x and Laplace 

transforming in t, Eq. (5.2) is reduced to 

df df 
(to - ik • v)fx - | [v X Bo] • —r = f (E + v x B)  • -~  (5-3) 

dv dv 

where now    f    = f [üi,k,v].    We introduce the following gyro-tensor 

D(cp) = n,n + (I - n,n)cos cp - n x I sin cp (5.^) 

and its integral 

L(cp)  =   I      D(cp')dp' 
J0 

= n,n tp + (I - n,n) sin cp + n x l(cos cp - l) (5.5) 

6o 
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where n is a unit vector in the direction of the magnetic field and 

"i" is the unit tensor. The detailed derivation of the solution to 

E<1« (5«3) is given in Appendix B. The solution is found to be 

r "* "*n   e  / f.LOü.k.vj -   I  exp 
1 ' '    mo L c •'O 

i£2E + i k • L • v 
05 CD 

1 Öf 

E • D . -J dp . (5.6) 
J        ov 

This solution can be verified by substituting it directly into Eq. (5.3). 

The above solution agrees with those given by Fried  and Stlx. J 

Through the use of the gyrotensors D(cp) and L(c?), our solution aDpears 

in a   luch simpler form than that given by Stix, The current density can 

be obtained by the integration 

< ?v > = - e J vf1[a),k,v]d-
Jv . (5.7) 

In Appendix C we show that it is possible to separate the current density 

into polarization and magnetization currents, as suggested by Lorentz's 

electron theory of matter, i.e. 

< pv > = icu P - ik X M (5.8) 

where    D = e E + P    and    B = u.  (H + M) .    For a Maxwellian plasma we o o 
obtain (see Appendices D and E), 

P = o P   f 

a,2    JO 
exp 

2 
imp 
CD ■^ff ■rf 

c 2tD c 

L(-cp)   .  E <*p (5.9) 

and 

low-, 
M = - 

3  <2 ore n c    *o 
f> (cp)   •  B exp io*£ 

CD 
-o  (k   '  L) 

2ü> 
dp (5.10) 

where 

"Ufa)   =  (I  -  n,n)cp sin cp +  (n X  l)cp(l  - cos cp) + 2n,n(l - cos 9) 
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r«     .      :1 
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c 

«„ -1 *-fl9 •""* Ü-12) 
c 

*r, "*«     = ~f jT   (l   "   COS  *)•""   * (5.13) 7* «f 
C 

vf „ 1 

"   ™       * ~S    5     +        5~   t1   _   COS 9/    » 
C £S CD 

C C 
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k      and    k      ere tfce «rre saafeers perpeadieolar »ad parallel to UM 
I 

Mpnn r  field ra»p»etlwely.    Is Appendix D we ahoa haw to exprasa £q«. 

{=.11}  to (5.13} ta ter«s 01  xfca Hllbert  transfers of Che gausaian aa 

define« bj Fried aad Coate.*''    Ttee result is 

"°    I" T] I V*. yy <SXE [_    £j   «^     nv n+i        n-1' 

*      = I - 4 C ZZ i   * 

■5 s   -€ 
xy yx 

«here    I     = I   (X /2)    are aodified Bessel  functions, n n 

Cn = 
cu - nuj 

/Fk«V6 

X  = /^ Ve 
03 
C 

and Z a Z(£ ) is toe Hilbert transform of the gausslan, commonly 

called the Fried function, defined by 

_ 2 

S(Cn) - -pr f ~_^ dx   Im(c ) > 0 .      (5.17) 
V « ■'-<»    ^n 

Properties of this function are discussed in References 3 and h,  and a 

few simple relations involving Z(£) are given in Appendix D. 

The  dielectric tensor described by Eqs. (5.11) to (5.l6) is much 

simpler than the "dielectric" tensor derived by earlier authors and de- 
13 scribed in the book by Stix. J In the representation given by Stix, the 

plasma conduction current is not divided into magnetization and polariza- 

tion currents and hence the "dielectric" tensor is not truly the tensor 
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which relates the electric field to the displacement field. Even under 

quasi-static approximation, our results do not agree with that given by 

Stix. 

B. THE DIELECTRIC TENSOR IN PLASMAS WITH TEMPERATURE ANISTROPY 

The derivation of the dielectric tensors for plasmas with temperature 

anistropy Is given in Appendix C. Equations (5.1*0, (5.1-5), and (5.16) 

remain unchanged, but some of the variables must be redefined as follows 

2 2 
2 2kIvex 

\- = 
<jj- 

and 

CD -  nco 
c = 

11  V^k.vfi 

where 

and 

KT 

81|   m 

o   KT 

The limiting case of interest is v-. = 0. In this limit the dlelec- 
ol 

trie tensor elements become 

CO 

e      = e      = 1 + =  xx       yy yj 
v       c 11 91 

CD-CD (0+CO 

l-Z 
1/2 kvfl   /       l/F k v„ 

(5.18) 

CD 

e      = 1 - -*-z<t      m 
2k.vö„      I/a"k v 

6«> 

and 

(5.19) 

-iCD 

e      = -e 
xy yx     2/Fcokv 

2Z CD 
CD-CO 

c   || 6| /Fk 
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These agree with the results obtained by Lichtenberg and Jayson.  Lich- 

tenberg and Jayson derived the tensor by assuming that the plasma con- 

sisted of a continuum of streaming electrons with a gaussian velocity 

distribution along the magnetic field. They obtained the polarization 

tensor by integrating over the contribution from the continuum of electron 

streams.  In Chapter VI the dispersion relation for the Lichtenberg- 

Jayson model is compared with that of a fully thermal plasma model. 

The cold plasma dielectric tensor is recovered by letting vc 

approach zero in Eqs. (5.18) to (5.20). 

r6i 

C.  DIELECTRIC TENSOR FOR A MULTI-COMPONENT PLASMA 

The polarization vector for a multi-component plasma is given by 

the sum of the polarization in each of the components. Thus, the 

dielectric tensor is given by 

e = I + Ih 
where n.  is the electric susceptibility tensor for the j  species. 

The elements of it.  are given by 

2 
CD    .       „ 

PJ  r2 
it     .   = - ■—ö" t    •   exP zzj 2   boj 

CD 

,2-,     » 

[- Xi] I K K (5.21) 

Jt .    =    "It 
xyj yxj 

icu2X   . 
PJ QJ 

CD    .CO 
CJ 

exp ;4]Kf„-^) (5.22) 

and 

2 r 
CD    .C     , 

, JJ     -  PJ °J 
xxj        yyj  "   2CD   .CD 

CJ 

exp 
x2r 
_j. 
2 >  I   (Z   ,.   - Z     .) 

£*   nv  n+1 n-1' (5.23) 
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«here 

I n - *w > 
Z n = Z«nJ>> 

co- m)cj 

nj 
" ^roj 

XJ 
Z"2 Vej 

"cj 

D. THE QUASI-STATIC DISPERSION RELATION FOR THE INFINITE PLASMA 

Having obtained the dielectric tensors, we can now derive the dis- 

persion relation for the plane electrostatic waves in the magnetoplasma, 

The distinguishing feature of electrostatic waves is that the electric 

field is derivable from a scalar potential 

\(x,t) ■- - 7 0(x,t) , (5.2V) 

and, hence, 

V X J^fot) = 0 . 

This approximation, commonly called the quasi-static approximation, is 

valid whenever the phase velocities of the waves are much less than the 

speed of light. Using this analysis and assuming plane wave propagation 

of the form exp[iiut - ik • x], we obtain the following result, relating 

the potential and the electric field, 

1[cü,k] = ik 0[to,k] . (5.25) 

From the second Maxwell equation we get 
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V . D(t,x}  s - Ik • BU,k' «a»!la« - ik  - s" 

x - il" - ^ - Ülx,k* explls.« - Ik - x* 

Direct snhstitntlon of Eq.  (z~2Z) ***» *«-  C*-^v  «»Ids the fallen*! 

relation 

(*    k* ♦ «    k* * c    k' 1 ffk  ,k  ,»   *x I ni        n j        n i !       i    y    * 

«kick  in tarn yields the dispersioa relation 

»    k* * c    k* « "'-^ri 

where    k""  « k* ♦ k~    is tka sqoare of site *■«** saner perpends cnlar to 
X T 

the magnetic field.    As expected,  tke «L*persiox relation is inflipi —it 

of  the ancle between the peryes&dscsilar conyna—t of    k    and ike x axis. 

This dispersion relation,  'ihnen»  i: »aptars ZJ* be different,  as identical 
1 • 

to the result obtained by 5t;x.   - 

In an electron plasna  tke dispersion relation can be circa: :* 1« 

of one integral or one series as  s-cllor» 

1    -   \V L    -c »J •iy< 

where 

I I    »a. irrt.,, i i ■ l •»[- -i - TV? - - i» - «•«J :       « 

Efi = exp I- — |  V ~— i    z c 

/Tkr.      *     = 

and *», I  and Z      are as defined in Sectios VA. 7  n       n 



i 
case of purely perpendicular propagation    (k    = C)    has 

studied toy IT—ft«.   '    For ÜU.S CAM »e kin froa Sq.   (5.26) 

(5.30) 

lo» relation.    By nsim ■*• (5-29)  «ad the ssyaptotlc 

relxtlos for   t      glvea ia Appendix D, ee obtain the follow!eg dispersion 

rtUUoa for tike "Bersditel«'' 

lain dfrspersiog: predicts r—oeaacoa  sear the haraoaics of the cyclotron 

Several papers oa tbe experiaeatal observations of such 

published.    *        A aorei aethod of suning the series 

of m\    (*.3iJ  J* terna of Stetson's cylinder fnnction has been given by 

Zimrflwr.  *    A coapater prograa based oa this result is used in obtaining 

*Jb» electric —capability teasor for tbe ions. 

t.  cruswcaL um 

Is this sectioz «e illustrate *  aethod of synthesizing cylindrical 

as «as froa tbe piaoe waves. The rf potential for a plane wave aay be 

8S   follOS* 

Ik,«}    =   ^,k>_ik"X    . (f.32) 

Froa ti* potential tfce electric field and the displaceaent vectors can 

be obiatuec 

Ii.,x) = _y a[^,l} = il »u,k>"iks (>.33) j 

S:^,x) = 1 e  . k £^,k>~ . ($.34) 
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In the cylindrical coordinate system we let 

k = k cos cp 
x   x 

k = k sin cp 
y     x      Y 

x = r cos 6 

y = r sin 6 

where cp is the angle between the r axis and the plane containing the 

z axis and k. The potential can now be expressed in the following 

manner 

0[o),r,6,z) = 0[cD,k ,k ,cp]exp[-ik z-ik r cos (9-<p) ] ,  (5.35) 

The cylindrical wave is synthesized by taking these waves with identical 

amplitude, k  and k  but with phase variation of the form 
x      II 

0 
0[co,k ,k ,cp] = -2 e "^ 

x II    c« 

where m is an integer. Synthesis of such plane waves yields 
50 

0[. 
0O   /-9+Jt   i 

xu,r,9,z)  = —   f e ™exp[-ik z-ik r cos(9-cp)]dp 
dn •'ft—, II        x 

-ik z 
rt      im9           II T  /.     \ = 0    e        e J  (k r) 

o m    x (5.36) 

where J (k r) is the Bessel function of the order m. Similar inte- 
m x 

grations for the electric and displacement fields yield 

E Qjü.r.e.z) = -ik 0 exp[im 9 - ik zlj (k r) 
Z      '    '    '    ' ||  O ||   m  X 

EQ[a),r,9,z) = 0Q — exp[im 9 - ik z]Jm(k r) 

E [u>,r,9,z) = k 0 exp[im 9 - ik z]j'(k r) 
r ' ' ' '   x ° II  m x 
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(5.39) 



Da[a>,r,e,z) = -iSMkz 0Q exp[im 6 - ik zjr^r) (5.4o) 

(5A1) 
[im e 
-—& J (k r) + k e    j» (k r) 

r m    j_ j_ AX in    j_ 

[im 6 
—^ Jm(k^r)  - Y^J^k^r) . (5.42) 

This technique of cylindrical wave synthesis has been employed by others 

in the past. In our representation s is independent of cp,  the inte- 

gration variable. In Stix1 representation ehe dielectric tensor is a 

function of cp,  and the integrals for the displacement vector is some- 

what more difficult to evaluate then in our case. 

The solution obtained above is valid for an infinite plasma. Our 

ultimate goal is to find the solution for a finite plasma, particularly 

a cylindrical column of plasma. In a finite plasma the most difficult 

task is the treatment of the boundary. To make the problem manageable, 

we must assume that the plasma column is uniform with a sharp boundary. 

In reality, a sharp boundary cannot occur because of thermal motion, 

though such a model may approximate the plasma column, as suggested by 

the theory and, in particular, the measurements discussed in Chapter IV. 

In Chapter VI we shall use the fields given by Eqs. (5.37) to (5.^2) as 

the solution within the cylindrical plasma column and match them to the 

fields outside the plasma. 
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VI. ELECTROSTATIC WAVES IN A CYLINDRICAL COLUMN OF MAGNETOPLASMA 

In this chapter we investigate the dispersion relation for electro- 

static waves propagating along a column of cylindrical, collisionless 

magnetoplasma. The geometry we consider is that of an infinitely long, 

uniform, cylindrical plasma enclosed within a cylindrical waveguide as 

shown in Fig. 1.1. First, the dispersion relation for the electrostatic 

waves is derived. Some numerical solutions to the dispersion relation 

for a Maxwellian electron plasma are presented and compared with the 

dispersion relations based on other plasma models. Our results are also 

compared with the available experimental dispersion relations. At low 

magnetic fields, the surface wave is found to be unstable, and the insta- 

bility character is investigated. The unstable ion surface wave is also 

studied. 

A.  QUASI-STATIC DISPERSION RELATION 

Since there are two distinct regions within the waveguide, we need 

two sets of solutions, one valid within the plasma and the other valid 

in the free space region between the plasma and the conducting wall. For 

the plasma region we shall use the quasi-static solution, obtained in 

the previous chapter and given by 

E [cD,r,6,z) = -ik 0 exp[lm 9 - ik z]j (k r) , 
Z     '   '   '   ' ||  o II   m  X 

im 0 
Efl[cu,r,9,z) =   exp[im 9 - ik z]j (k r) , 

(5.37) 

(5.33) 

E [(D,r,e z) = k 0 exp[im 9 - ik z]j'(k r) , 
II   m i 

(5.39) 

zz o 

Djw>r,9,z) = 

(5.^0) D ta,r,9,z) = -ik e  0 exp[lm 9 - ik z]j (k r) , 

rim e "I 
3 22 j (k r) + k e j'(k r) ,(5.41) 

I  r   ™    i x  xx m i J 

[im e -j 

-r2 J
m(\

r) - k
xVm(kxr)J -(5-42> 

0 exp[im 9 - ik z" 
o 

Dg[cD,r,9,z) = 0 exp[im 9 - ik z] 
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In the free space region, b < r < 9, the solution to the equation 

V 0 s 0 with the requirement of 0(a,8,z) a 0 is given by 

iraB-ik z 
0(r,6,z) = A [j (ik r)H (ik a) - J (ik a)H (ik r)]e     "   (6.1) v ' ' '        o mv  n ' nr  H '   mx  11 '  nr  11 /J v 

wh«»re J (ik r) and H (ik r) are Bessel and Hankel functions of order 
■  II        m  II 

m. The components of the electric field are then obtained from Eq. (6.1) 

by 1" = -V0. At the free space plasma boundary, the tangential component 

of the electric field and the normal component of the displacement vector 

are matched. This yields the following dispersion relation for the waves 

J'(k b) ik„b[j'(ik b)H (ik a)-J (ika)H'(ik b)] 
k be  J!LU4 + im6  =  ü LSÜ II  mV II  ^    II  -l II   (6.2) 

j. xx JmVk bj     xy    j (ik b)H (lk a)_j (ik a)H,/ik b) 
■*■ mx  || ' mv  || '  nr  ||  nr  || ' 

with 

k2 + k
2 1= = 0 

J-   II 6xx 

and the dielectric tensor elements are as described in Chapter VC. The 

dispersion relation of Eq. (6.2), in appearance, is very familiar. In 

the cold plasma model and in the Lichtenberg-Jayson (T =0) model," 

the dispersion relation is identical to Eq. (6.2). The only difference, 

though by no means small, is in the dielectric tensor elements. 

To solve the dispersion equation in the form given by Eq. (6.2) is 

a formidable task. For example, the computation of the dielectric tensors 

above involves infinite summations of products of the Bessel and Fried 

functions. Only under certain conditions do these summations converge 

rapidly enough for computer analysis. In restricting our study to the 

cylindrically symmetric modes  (m=0), we have 

j^Qcb)  ik [^(ik b^^ik^j-j^ik .^(ik b)] 
k b6xx j nTbi=   r -i •        (6,3) 1 XX Jo^V;    [J (ik b)H (ik a)-J (ik a)H (ik )] 

Even for this case, a thorough analysis of all the modes is formidable. 
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B. THE CASK 0» HIGH MAGXETIC FIELD (CD  > a>    ) WITH STATIOXAKY IOMS v ce   pe' 

I. Comparison of the Dispers* on Halations for Several Different 
Pie— Model« 

The dispersion relation for the electrostatic waves in a cold 
7 

plasaa column was first derived by Trlvelpiece and its solutions are 

nly celled the Trlvelpiece modes. The hydrodynjxic model, obtained 

by taking the aoaents of the Boltzaenn equation, waa used by Agdur and 
S 

Weissglas to study the temperature effects on the Trlvelpiece eodes. 

Unfortunately, the hydrodynaalc Model does not account properly for the 

teapersture effects.  In this section we present the dispersion relation 

for wsves in s Haxwellisn plasca column and coapare it with the disper- 

sion relations derived by using other Models. We shall assuae that the 

ions ere infinitely heavy. 

Equation '6.3) is solved numerically for the Maxwellian electron 

plasaa by assuming real co and seeking coaplez k . The computation 
i 

procedure is described ir Appendix E. The result for the lowest order 

mode is shown in Fig. 6.1. Also shown on the saae graph are the disper- 

sion relations for wsves in s cold plasma column, in a "hydrodynaalc" 

plains, and in an infinite Maxwellian plssas. For the infinite hot plasaa, 

the dispersion relation presented is the lowest order Landau mode as 

defined by Simonen. 

At low values of ü>, the three models yield identical dispersion 

relations, but, st high vslues of a>,  the dispersion relation for the 

Maxwellian plasaa column merges smoothly into the hot infinite plssaa 

dispersion relation, while the dispersion relstion for the hydrodynaalc 

model approaches the tberasl speed of the one diaencional adiabatic Boha 
si 

and G**oss  waves. As we can see, the wave in the column of the Maxwel- 

lian plasaa is Landau damped. 

The dispersion relation for the zero transverse temperature 

model  (T a 0) was also computed, but, st the high magnetic field con- 
j. 

sidered above, the results for T = 0 and T = T  are identical. 
i. x        li 

This is not surprising since, st high magnetic fields, tne transverse 

motion of the electrons is inhibited. 
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Their experiment was conducted in a duoplasmatron type hydrogen arc 

source, which produced a plasma with high longitudinal temperature. Be- 

cause of the high longitudinal temperature, the model with T =0 is 

well-suited for the analysis. The experimental density profile given 

by Malmberg and Wharton is highly nonuniform as shown in Fig. 6.2. For 

computational purposes the plasma is approximated by a uniform, cylindri- 

cal plasma column as shown in curves A and B in Fig. 6.2.  For the Uni- 
ts    o 

form column, the density is assumed to be 1.6 X 10 /cm , which matches 

the asymptotic behavior of the theoretical result to that of the experi- 

mental curve. The radius for column A is chosen so that the total number 

of electrons in the colums equals the total number in the nonunlform 

plasma. Since Malmberg and Wharton report that the absolute value of 

ftAOUL POSmON (;•) 

FIG. i.2.     DEX5ITY PROFILE FOB MALMBERG AXD WRARTOX EXPERIMENT. 



i. 

I      i 

the density profile may not be accurate, the procedure used to obtain 

the equivalent radius may not be valid. In fact, better agreement with 

the experimental dispersion relation is obtained «hen the column is as- 

sumed to be 2.25 cm in radius as shown in curve B. From the data supplied 

by Halmberg and Wharton, we find X_ a 0.19 cm and <x>  AD = 4.0. The 
D c  p 

real part of k  obtained via the dispersion relation is compared with 

the experimental result in Fig. 6.3. The curves marked A1  and B'  are 

0.5 1.0     1.5    2.0    2.5 
WAVENUM8ER k„ (cm'1) 

3,0 3.5 

A' a plasma radius b = 3.5 cm 

B' ss plasma radius b = 2.25 cm 

FIG. 6.3.  ANGULAR FREQUENCY VERSUS WAVE NUMBER. 
Experimental data obtained by Malmberg and 
Wharton is compared with theoretical results. 

the theoretical results for plasmas represented by curves A and B of 

Fig. 6.2.  In Fig. 6.h we have a graph of Im(k )/Re(k ) versus v /vß, 

where v = a/Re(k ) is the phase velocity. The theoretical curve is 
P       II 

computed by using B of Fig. 6.2. The agreement between the theory 

and experimental points is good, despite the approximate nature of the 

model. 
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C.  SURFACE WAVE INSTABILITY IN ELECTRON PLASMAS AT LOW MAGNETIC FIELDS 

When a) < 0) ,  the lowest order mode in a cold electron plasma 
c   p 

column is a surface wave in the range u> < a> < a^, where CLL, = 

\J((ti2 + (D2)/2    (see Fig. 1.2). When the dispersion relation [Eq. (6.2)] 

was first solved in this region for real a),  instability was indicated. 

In this section we establish the presence of unstable surface waves and 

study the character of the instability. 

One way to determine the presence of an instability is to map the 

negative real k  axis into the complex cu plane and see if the roots 
II 

fall into the lower half plane. Such a mapping for a typical surface 

mode is shown in Fig. 6.5.  Instability is indicated since the roots 

fall below the real a> axis for a range of k b. 
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FIG. 65. NEGATIVE REAL k..b AXIS HAPPED INTO THE COMPLEX 
oj/cup PLANE VIA THE DISPERSION RELATION, SHOWING UNSTABLE 
ROOT. 

All instabilities can be classified into two types, convective and 

nonconvective (absolute) instabilities. A nonconvective instability 

grows with time until limited by nonlinecr effects, while the convective 

instability is one in which a perturbation is amplified in space. We 

have established that an instability is present, but, as yet, we have 

not determined whether it is convective or nonconvective. 
14 15 

Derfler '  developed two methods of classifying instabilities. The 

first method is to map the complex a> plane into the complex k  plane 
a 

through the "positive frequency part" of the dispersion relation and study 

the saddle-points (du/dk = 0), which are caused by the merging of the 

two roots of the dispersion relation. The way in which the roots verge, 

as the imaginary part of the frequency is changed, is intimately related 

to the classification of the instability.  Nonconvective instability 

occurs if and only if the two roots merge across the negative real k 

axis with frequencies in the lower half plane. This criterion is more 

difficult to use than the second one which is described below. 

The saddle-points when mapped into the complex o> plane through the 

dispersion relation become branch points. If the branch point, asso- 

ciated with the instability, falls in the lower half plane, the instability 
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COMPLEX CO/üL, PLANE VIA THE DISPERSION RELATION FOR 
a> /tu = 0.2. 
c p 

values of k b, Landau damping sets in and makes the waves stable. 

Shown in Figs. 6.10 and 6.11 are the real and imaginary parts of the 

frequencies versus k b with CD /CD  as a parameter. Unlike the surface 
II        c p 

wave in a cold plasma column for which the dispersion relation goes 

asymptotically to CD = co„,  the real part of CD goes above oi H 
as k b 

is increased indefinitely. The magnitudes of the electrostatic potential 

profiles are shown in Fig. 6.12 for CD /CD = 0.3. Note that the fields 
c p 

concentrate near the edge of the plasma as the frequency is raised above 

CD . 
c 

The curves of Fig. 6.8 seem to indicate that the plasma is more un- 

is known 

to reduce to the cold plasma case and, hence, is stable. Figure 6.13 

stable at lower magnetic fields. However, the solution at CD = 0 
c 

shows the imaginary part of the most unstable frequency versus CD /CD . 
c p 

There are two curves, one for the instability at the cyclotron frequency 

and the other at the hybrid frequency ecu. The portion of the curve 

shown by the dotted line was not computed. Although the instability 

- 31 



-k„b 

FIG. 6.10.  DISPERSION DIAGRAMS FOR THE SURFACE WAVES SHOWING THE REAL 
PART OF üü/ü)  VERSUS WAVE NUMBER k„b. 
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FIG. 6.11.  DISPERSION DIAGRAMS FOR THE SURFACE WAVES SHOWING THE 
IMAGINARY PART OF io/iü      VERSUS WAVE NUMBER k b. 
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FIG. 6.12.  RF POTENTIAL PROFILES AT SEVERAL FREQUENCIES WITH 

ü> /CD    =0.3. 
c    p 
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FIG. 6.I3. THE IMAGINARY PART OF THE MOST UNSTABLE FREQUESCY VERSUS 
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appears to increase as ao  is decreased, the solution at a>c =» 0 is 

known to be stable, and thus a transition curve, such as the one shown 

by the dotted line, must exist. With cyclotron frequencies below a>c • 

0,1(0   the summations in the dielectric tensor converge too slowly end 
P 

accuracy is lost. Consequently, we were unable to cover this range. 

The effects of other parameters on the instability are shown in 

Figs. 6.1k  and 6.I5. In Fig. 6.\k we show the effect of temperature 

anistropy. The roots of the dispersion relstion are plotted with T /T 

o/b»222 

-Ü2 
—I— 

-CLJ 

-oca 

-~ouoe 

-- GSH 

***** 

I -Out» 

-^-aos 

FIG.  6.1*.    BEAI. WAVE XUBt AS MAPPED IWTO THE COMPLEX ^/_p    PLJWE 
VIA TBK DISPBRSIOX HELATIOS.    The locus dlagrsa illustrates the 
effect of the transfer*» t«operature oc the surface wave.    -^ /a.    = 
0.5,    a/b » 2.22    and    I/o = 0.04. C    ? 
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FIG.  i.Vy.    MAPPIJCS QT m »GATIYE    k4b    AXIS I3TT0 TBS COKFUX 
ö/a>      PLASX WITH    iyT»    AS A F 

as a pai «er.    Tb» pi 1« stable «baa   T sod tbc  instsbiil'.y,. 

dispersion relation with    **/b    as a parasteter.    Since we keep    &- 

in it* «oalineer lladt, mmj provide s aechsnlsa to convert transverse 

lato longitudinal teeperature.    Shown in Fig. 6.1= are the roots of *s% 

b    conet»et, a change in    X_/b    is equivalent to a charge is the overall 

teeperature.    Va aae that  ii.« higher the ratio    X_/&    (hence, eigner 

tfce tesysreturo),   the greater the instability.     i*iese graphs iadicste 

tost  the Instability ia due to finite Laraor radii effects. 

So conclusive experimental evidence z>t the surface wsve  tn»t*bllav 

hss been found.    There is, however.  a  report of surface save sei/ c.»cii- 

lations with zero Magnetic field in s plssxa column."    Our theory 

predlcts strong instability at  lov magnetic field,  bit the instabil}  y 

should disappear at zero eagnrtic field.    Since we «re usable to coot^ute 

the dispersion relation in the very low urgrjetiz field region, «e caiaot 

relate the observed oscillation to our instability.    Also at large Lartpj*. 

radii, our dc model with cherp boundary breads dc*p. 
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p*rz* sf    "i-.'c wt^*3»    «. t.    Ttm :a*t*^.i;*«  appears   t">  y* very 

k 
»trxssc «lac* tbe rttlc of  tbe :«f;a»ry per: <jj   tb*  Ire^ueacy  to Tb» 

?««1 »art   c*x be ox   tie order of  i   "-.     »» cbcaxl^ kee? ic a.:sad,  however, 

tbet  tbe motel aeetf is  -ii» caepvtetaoa is coilisioale*».     la tbe raafe 

of ear issestigatssa lb* ion» tafia sal  *»eiectne leaser elenest    < 

is pr+tcmiamlt «iKtrtuc.    Si ace lb* operating  Ireqacscr ic rcrj a*Kb 

lower tbaa tb» electro* »loss* frefeecDcy, * «at»!2 saBber of el*ctros- 

aeetra;  S3- electr-aa-isx oa£.i*sa»ss a»? alter tbe reseit.    A  fart be r *a- 

•e»t&^ot;a* of  tb« i»i sas-faee »*r«  ;a»t*at;itj  skow.3,  therefore,  isclede 

tbe elcctr: t>-:*a oaCxisiaa effects.     aZsc  tbe** ic* surface »»T«  for 

jcactaeai  -P»—eiec-trwx —% rat;*>» 2-arre lea-* ".tof aaielestftb*.    Oftex 

tbe »»»»icajft*» «Si  «ape« tbe .esc"-3  »-   ibe »racticai ;.ae*.* nalsmn: 

arac eckt effect.*.  sacs  a»  .ise tjrsaj.  a»/ #rt*r*ii* arbetber tb;*  samsbilitj 

K«m   se as»". 

>ua :t  t»e t ■ aeaiunum   ftowgCeattt»   itntdec ;x *c. >ti«; "i*  ffij^crnM 

rwiets*«*.   W!   .it:;* a**  flea» v.   .»*<*»■:i,jp»-i* tbe l^fber t/TOer  aw flail. 

Tim mtzMiat»'. Z«   »•»»"«--at eifle» «2* taaajwet*»?   i^oioe*.  astf ecaar s4   tbe** 

an Baa aa*» be *•**» au.*t *Jt*i*a£e tbe«. tint  r a—a inx   *a*m      ■   *.   .   .    *e 

p:t ..*■-.♦ as tear**«   "-*   tte wear     caw—itui   :*..«<  "„t**  1991er ritrtt 

«t«ot    af*_ ct »ja; —•»   :t tiw  tn.t j,.a*ae  m; uen:    awe 1.4.   '. Jc   .     T»* crag«. 

.x f~«.,  t_;J «ttaaa  taw  ttaoaar»i.t<t revet* ui   f«r t.ter «yirtt ae..oe . t * b»t 

•v4«~ru»   j^asaaa  «vt»     3 *.   .     Tbe wuo*  i»   k«>-..i   Bwaawt    »1. a  aan 

eas^ai.t tte -tetts-.it»   tf  t-j* «3Qiert.aaffit«<ra  tt   ioaer*i*  \x..%  *s»o».     It 

efttttiiA ti   uei  tntsrtt ac«a»-„   >b»f  -.»  «t- ;3tf;«ste   x»M»»Br   yf   tbe **w.t 

aeabai   -s  * bat   ?■ 1 —a.  e»£t ***t«r:^*:«»f »•. :v cmt  •-'   tb« *«atT«t ao^ea. 

•e  ft t  a»--t  . m<ewt ^» te  taaaae  wu&m . 

■T  *_*U   s.t at<t   uabrrtjav»  ^i««  »t*tp«   •.:   i.^-«^   ccarr  r*Ci*.  K<OM 

»,&:*   "jej  »ire  j»r"tami*.»   xa-t  a«   .xttere»t.uj  •«*   t4«  ax-atvn».   aoaet   i>r 

b»^«r. t ■a»«*'».    l»ir   . onca t^a'-tri   •..♦*»:!   tu_ 1   4   «u*.-   aort.trt.  t-f  *   J«a't 
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vii.   CMCLPSIOM 

In our study of electrostatic «eves we emphasixed the effects dee to 

the finite boundary «s well as the effects of magnetic fields and plasma 

temperature.    The first part of this report treated plasae diodes in the 

absence of a magnetic field.    A dc study of the equilibria* plasma diode 

was undertaken to provide a basis  for the rf analysis.    The dc analysis 

yielded some interesting results regarding *** possibility of plasma 

formation »ithin a diode.    It «as found the,, under equilibrium cozaditic* 

plasma is formed even «hen the generation rate of one of the charged 

species at the walls is orders of magnitude lover than that of the other. 

The formation of plasma due to the trapping of rare species in the coulomb 

field of the abundant species «as demonstrated in the case of metal emit- 

ters «here the emission rate of the  loss *•* very much iceer than that  o." 

the electrons. 

An rf analysis using the bjrdrodyunaic model   iz>r the ncammiform 

plasma revealed the existence of a *€TI*S O* electrostatic resequences is 

the diode.    However,  an analysis of a uniform plasma diode msimg a tii*- 

tic plasma model shoved that  the emd plate loss, due to absorption of 

the electrons at  the vails,  introduces a large loss mechanism.    The loss 

may make some of the resonances predicted from the hydro^ymmiuc modal 

unobservable.    Since this loss mechanism is relate« to the process vhicih 

cacses end piste diffusion in devices such as the Q-macmiaie,  the rf mea- 

surements of the electrostatic field» »ay yield imf«cnetios regarding the 

emd plate dlffusion coefficient. 

The second part of this report  dealt with the st-^dy  c5 electrostatic 

save propagation along a cylindrical  colons of manelli»- plasma.    First, 

a dc study  ->f  the density profile and asimuthai  cesremt   it i  cyiimdrecsl 

column vas conducted.    The theoretical  analysis of  Ibe at I an*, ander the 

assumption of complete neutrality shoved that at high Biagatuc   Sields 

when the 10s Larmor radii  became noch smaller  thai the plasma r»fea*. 

the density  drop v*s confined to the small  reglos at   the pi»«* edge. 

Experimental measurements indicated that   the deceitT crog. at   the plasma 

edge is in fact much sharper than that  predicted fron  oer  thec-ry.    TTZT 

the purpose of rf studies,  ae assume« that   the plasvs «as  as;Sera »its 
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APPENDIX A. LG* DENSITY PROBE MBASuIUQfEMT 

In this appendix ve show some of the difficulties encountered in 
4 

i probing a low density plasma and the «ays in which these problems are 

overcome.    In our sodiua plasma the typical density is of the order of 

2 * lC'/cc,    which is lower than most of the laboratory plasmas.    In the 

I probe measurements of a low density plasma, the smaliness of the probe 

current is the biggest problem.    The probe size can be increased to 

I increase the total current,  but beyond a certain size the probe disturbs 

the plasma too auch.    Also,   the probe should be as small as possible to 

make local measurements. 

To obtain accurate probe measurements it is necessary to have the 

"knee" of the probe curve show clearly.    This can be attained by a guard- 

ring arrangement of the probe.    The above consideration is taken into 

account  in the design of the co-axial probe shown in Fig.  k.k.    Normally 

the stem of the guard-ring probe is  insulated so that the current is drawn 

only through the probe surface and the co-planar guard-ring surface.    How- 

ever, since a fii« of sodium would quickly form on an insulated surface, 

causing leakage current, we decided not to coat the stem.    Instead we 

made the whole probe as small as possible.    The size cf the probe is such 

that  the total current drawn to the whole probe at the plasma potential 

is less than 1  percent of the total electron current  from the emitters 

under normal operating conditions. 

maneuverability is another desirable feature of a probe.    The details 

of the probe driric« sechs 11 sa is described by Simonen.        The probe moves 

in and cut ms well as rotates so that the probe surface can be made to 

face either in the sziautcal or axial direction.    Vhen an »xial magnetic 

field is applied,  the density can be aeesured by facing the probe in the 

axial  direction,  while azimuthal  drift can be studied by  facing the probe 

in the azimuthal  direction. 

Typical  probe currents   ire of   the order of a  few microamperes. 

THIS  IS a  ievel v&ere leakagr currents  fro« various sources uegin to 

interfere «:h  the probe carve,   particularly  leakage between the guard 

nq *=c 'be probe,    moreover,  a  dc amplifier Is  required to amplify the 

iroifmge across  til« current  pick-up resistor to drive the XY recorder. 

9J 



A schematic drawing of the probe circuit is shown in Tig. A.l. The 

amplifier is a Eelthley 6o4 electrometer amplifier, which ha* the desired 

characteristic of high input impedance, lam  aolse and drift. However, 

it is necessary to keep the electrometer terminals near the ground ma 

shown in Fig. A.l. Since s tersdnal of the amplifier needs to be groumen* 

we are forced to use two sweep circuits instead of one to keep the guard 

ring voltage equal to the probe voltage. The sweep circuit is shown la 

Pig. A.2. Two such circuits with matched characteristics but Insulated 

fron each other were constructed and placed in a uetsl box. when a 

■ester switch is turned on, the two circuits slmultsnaomsly sweep out a 

single identical saw-tooth wave font. The tlue constant of the sweep is 

variable from 1 to - seconds and the amplitude us variable from 1 to ?* 

volts. 

FIG. A.l. P90BE CUmXIT 
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£■ this sppaedlK we obtain • solution of the linearized Boltzaamn 

itioa for • uniform plssaa 1B a magnetic field, lb« solution has 

derived by others using several different approaches, but ve present 

a derivation here for the sake of completeness. The analysis can be 

generalized to any s>»ecies of the plasua, but to avoid extra subscript 

*e shall apply tae analysis to electrons only. We shall assuae that 

the plasma la collislonless and that there is no dc electric field. Then 

tSse seroth and the first order Boltznann equations are given by 

of (v) 

G  * B ) • —V" = ° (B-1) 
dv 

of(t,x,v) _ of (t,x,v) df (t,x,v) 
-hi ♦v.-i— ICvXB^.-i-p  -1 (. (t,x) ♦ v X Bl(t,x) 

dx dv     ™ x 

-2—" •     (B.2) 
^v 

Let us nake the following definition 

e B o     -•        -• 
  =03    = n o) 

IB C C 

where n is e  unit vector in the direction of the magnetic fieldf. We 

Fourier analyze the linearized equation in space (Im (k) = 0)  and 

Laplace analyze in time (Im (o>) < 0 on L.I.P.) to get 

i(o> - k • v) f LüQ,k,v] i  a) (n X v) -- — f [o>,k,v] 
C        ov 

df (v) 
= - (B[a),k] + v X B[ci),k] — + f (0,k,v]  (B.3J 
m V '     dv    l 

where f (0,k,v] is the initial value of f.(t,k,v]. Equation (B,3) 
56 

can be solved by the method of characteristics.   By introducing a 

parameter t so that v = v(t), the characteristics of Eq. (B.3) 

become 

96 



fcfc' 

v = CD (n '< v) «>.*} 

and 

ijboikZl * i((D - k-vJfjCco,^,»] = g[v] (».«;) 

-#herw the dot represents the derivstive with respect to 'Jie parsneter 

t    and 

df 
g[v]   = |   (fr^k] + v X Btco,k])     • -^ + ^(C^vj (B.6) 

dv 

Note that t is not the tine which has been taken out of the probles 

by Laplace analysis. Equation (B.fc) is solved by introducing the gyro- 

tensor defined by 

D(9) = n,a +  (I - n>n)c.s if-txi sir. qp 

or, in tensor notation, by 

V*0 ■ Vj + <6ij - Vj)cos * - *ijk \ sln * 

Then 

v(t)  **D(- tu t « Wf)   •  v{t') (E.Q) 

satisfies Eq.   (B.4),  as can be seen by inspection.    The howr>gcnec-Jt= pari 

of Eq.   (B.5) gives 

d la f „ 

dt 
= - i{ü> - k.v)   . (e.iO) 

Thus 

or 

-tn f    s - i/i) )dt*   - ca**tant 

fH,ce 

t + 1 r w • v(t* 

r Jt ^ 
xp -tot T l j    k .      . )dr \ 

L •> J 

(8.21) 

H& 



i «MA >» * IT     *•■■     * , 

IA*  Ifc.    '•. «ffsejci 

- *-» «j • C- 

Prsas B|.    Ä..1"    w c*** 

• lC:* * 

7^os«f smr. 

« r 

Sd-räjy  fee    Z  :      wm tm*m 

t  '. f^r ».- 

Tta». 

-,_.'..4,».   »  sso»": ?i    " i  v 
rr 

r 
l,__,k.T"-   *  z   f.2--k.i   *     **w! 

-".-/• 
*-»  t    «r 

r I X 



«tic    .  «.     -    - r  " 
* *    » • 

£-' I **.* 

».**•■ 

. » :* .-' 

* ..if 

.   V 

u     -1 

»* 

• -j   :• M la        § 

• - 

rr«   «ei *   _* 

*>. *    WB..SJ, m       % 

~um  ..ITa^mw~**.m   vtr-jmu**  "i 4M*   -**■ ruatr^m   "a« 

Si 2 j. t t   *_I   S   -   1 6    - 

in«   *_^*fc.-'   mra—n»  -a*  m.-ir_in   t«T  I«       l _j   it«  ins» 

•r- I «»' -  — C.3' C    -» "* 



r 
-"» ..» 

•   *     mm 

re     * 

ijr 

«? 
*t.     J» 

. f «» .*, .§... 

t   i 

* »     * 

r   1      »    . f 

t-e 

a >   * 
t:    •        s»     «*.        iff    «a 

i t      . i 

tu. tu.      " 

rtt. »V. 



> 

I 1      «    »  * —— * j3> - «    r— ■».* 

s  . 1   -  x 

- UP « 
TIT""        t      -■ ~       *        ."* » 

. ^ •»   v 

«:T _*  fc       1 *.-.««   re 

c*i      *    •    1 1~^»~ • J   ■ » •  • -A. 1      V 
»M 

.-.3 =TJ     — 
.. i      • 

I   ..-■-«  -I» ' I   .-.< 



,st ax 

k 

j-i 
■-/■ 

t.. 

^y> 
m . v#  —   - amM       Wm 

«• 1 • XB4 

s-i 

It   %• 

9* **#--*»« 

* t>T-~Jir-j M     •    K.UHT   .icnMKtc.^   TjSBi   —3p—   »w   5 

fc   .-*-- 

Im*".     * S. 

"flitfj   «*    !»>«• 

:       * * 1    . i *       >    <r I    » i * :       * 

»I     -   3   »     I : » i 



I •   -   T * t     - £ • t   -  ?   -   '£ 'Cr 

t   a» fc-^e uir». 

• C 3 X  * t 

•  - *   -  t 

•c » i   - • . r      % * r 

ft 

* -    :»t-      i.    * ♦ »    - • • i -    »•» 

. *       * * ft 

. «      * • :       f 

i.Ki      *      »Mt     t     «St   i""*. *.•*»"■»    «M "V*«r% 

i   .   t   » 

*««r-:»ir-   •*_••,   «i.    , ur   *.«•   UXL 4-   ***   aw 

1       1  . 1 ; *  »       1       j. 

•       *   *   I     *   • 1 

».•HI I        -    *.   I %, 

«. x      :     -   *      1 

* -   T .1 - :   - 1 



t *   2  »   i • *. n - 

t.i". 
fr.ü 

3* S     •   x   ■     t   • 8   -     2   -   I~l     *ix  8 

*'S ■*. **-*  .   «t 

»<-8      -t - ——   •  X    »   -      i   » -  i~_a.    K.t s 

£_;*- w f*e 

J    - 3   «   »   . £.. 

3i'o»>r: -w»     £. .i zm-jm  *.C    i.'C 

<• i    *  t  *   : 

*t'   •   ftJV- :..»«   \S •c -1     x^.    *• 

z. * i . ; 

l»ift-mga-t   *•*!*ic• ?  &>»-T^»r.. us Ttag •,.iit» 

II    -_1_*    MK'^US    **    Ml*..    :•! 1*. OUT   *    U^.tU.t    * 

-.1   t»-.r.m-.,w    ;     «     *   ;       ■   "   .     J»   :.r-»  i 

«f £     -  * 



, .. & , - * • Hfl 
a. a. 

itf earn *• »* ixzm^rmzixa. »f   'C.lf 

<  *   -   • -c_2: 

t*   «, ia 

X       • mj     mJ \ •   I - i - A. C-« 

t - l   «-» •C~2Z 

TUm  JBivltSZMMG&m. mtix a i-^mtm mmgtm  _* *£*« *? 

i   > *A    r €_Z 

.5;   irt»  ii«*. i »-.I.»     i i5»    » 

*/-/''. 
I - I    «r* 

'irr.  uatwa pL-mtmrn  car JIT.   tmx. *»  nt^-tu. w*  t«   3»   ;-!■■_: 

-/ 
< p» -- » -• I » ;__; *-■*. *"■ 

-i/-«/,-.' . I -1 
1    « 

£ _£**• 



»ftsr    Ik K ■    is («tncttd frat Bq.  (C.26),  vanish.    We 

list tfcls 1» ladsstf UM ess«.    Lst 

A«ia?-<pT>-l£x«   . 

^/" •/ A.' V;;M - • -1<s ^ ' »>?]   (!•») «=•*» 
Sin»    1 * L" * L » a    fros; jC.l"), *e ssre 

„iLj~mf ^.'tj?&&. i - »frp-'li-^%iilit].iD 

aPsy-rasl  i*r.«^-r»-is«r ix    s     »S Ufa* lir*i  I«TS r&«16s 

-    --1     -- 
• t-D . (C.313 

ft»  -   TI *  *-   - T! -       ,;-] • #  ■ 1 *.  -   -it-t    I 

- t    -   *I-l")  * I  - L" 

ic-5s: 

l*-!  ss* Jars?   sir«* *-<*&*  a* 1** sssusjrsad s*    -C.    Tata, 

5 Ä    i-r 
f 
s 

! 
»j  »lag Be«.   "C.:*.,   'C.~r,  s»£  "C.lz., w f*t I 

C « 2 **\L -     fl ;   -  *T *  s    - I   -  L ! 
$> * 

i 

« J e*Ti - "I-I"; -T -   a • i -1- ' 1 

* J e    L -   "E*L*"    » L -  'l      -'L    «  *   -* I 



• subtflYisi«« as siaslo as taat sasc nans' is { = ) <—«  M s««9s#l. :.*&*£. 

r, If «• ifscs« force* of la* ortar    * « I    as emymwtt wit*   1 
!        j 
|     I Us« UK ptottaa sisBOlfios, as« ft« fact i** atveeatew to ssaarat« tas 

W \ carrcsts l* idaatical to tast full saps' is Ssrtisa {*,.    TS» rowel? is 

agslz gives ay B*»    (C.2*) met {C^T', «asso *■*»    1  '1}    is so «afaao* is 

! 
1 t* 1 

'CJCj.    Par •loctroststle »**aa sao is»BMBWtlsa   * * I » :     rtmll 

i:c 



r^ 
#*- 

. 

*f./*4?-Ä^-«v ,».3 

r   «   * * 

/v1*^ 
*L3   . w 

•   » 

« X       *-«/ -MM5-^*I 
«e au *- 

*•«    • i   *   ~«      J 



?e- 

m X mm X- 

s. -   1 t*| *s. «# •■A «*• -v- ~~ •§ 

*VV *»• • «^£1 - mm »1 

*  m • 
I 

«r t s — «Ml «v mm «. w V 

? . € 7-1 P-*3 

- h 

•sr * • 

•v-Sr- «s.w. 

!»-# 

£».u} 

{».ui 

1U 



JUSLP I     UJVP1 w "IF 

-l^-*!2 

•f.f 
—  (K •• 

E^,*   **   •/"*"* 

% jgk «* ««I • I     us* » •      •* 

# •      4» 

5k ^ ^ * s  
a   «   • 

* i 4 * 

*A*V.J 

S».lii 

,    C»-tt} 

pare&aä äauvroc&m *f tk* MUtsaaim ia«.*»*"*» 

/'(: 

JE  _2 -22 

*£*-JL4l*^- 
c «• 

c t c 

sie t I •    Ä 

SfeUiM 

112 



IJ       ' 11- 

« « 
**•* 

- % w/- - V v*,-v» - -*£ W, •»?.   f»-* *.* 

1« a* 

%** •* #*l f*-V\-\- £»-i* 

s 
W afcaJU l*Ffi 

4*      *Ä\ 

a* a   * =    > a a *• •• 

.*   A 

'.•it-) 

4#-+iJ9 Ui 

H-Z4ftfflf •V« 

22 

{D^ii 

*e aow dbaag« tfcc i*t«*ratio» varlaUa to • •> * 09, 

fisad mck that • > 0 for a) > 0, and oktal» 

tfce sifj is 

"3 



^iHrflMrf is*••{-•*-(=)•]   (Me) 

&x a— af s** 

*f*#*=ci,   asm $: 
*▼ 

Hfl.^M^ ^-^D 

». t 

!■£>!. ?»-2*? 

£*- 
^2Vi 

f»-2*S 

»•Cpfi -^l.iCO tJfe*S 

•f   if£}   *•* 
«tea. it t« 

•If. | - ^i   The 
far    la £ > r, is 

fe)- 

■fti   *» 

(»^€) 

lMWUtj ef (D.2&) 

Skat    k   < ö,    »fclcfc aafcae   a < 2.    the* the aetjatlve siga la 

fzoat of   a   awx be »elected ia order to keep   s > 5    ia {DJ22), aad so 

Siaee oa a teal ere lategral path    Ia a ^ C, 

ilch aafcaa   a < 2. 

-ys-, 
iVi*1'"V? ^ "**["T]

lJfJF^ ■     (D27) 

lU 



SBJT) t* »rmtii t«?» mm. (».«5) tin MI (».19), ta» 
»rtc 

..-v-4H4]i*^>-^--     <•-*> 

*. - =«v 
Uaa Waucftty- HnnffwttltfUw MMfe Bnft 

■y- wflu tufa» faWBB— •€ Sb» «Nfaar    * « •    tc Mr aMglijjaJkl« ** 

I 8*    S„     Wkm jmiJKrlaBKJUB* «acftnr is iNpn» gl«Mi If' 9c • &9-lj» 

m fas- täte» flKMjAswpttc ArtfUns Ihr—nMUuas «•Saclty •*£*»*■&!,»« 

Mt is*»* 

[.1 

•*«* (SLJl) «as* velocity iM«nl ia (9.1) CM a* pMf—Ml t» «&«• 

(0.32) 

«T 

9,        m 

l»5 



9P W-f~.   ' T^^F' «nr* lu»W      " '       41RPH 

^TT-4T]I «Jß?u-V.3   *•» 
* t tf 

i •* 
&-+T] i^«i c».3*# 

i     « — a     «-    __ ̂ -4fli^.-^i 
«t §i 

i*-jt) 

2    k   W 

-«* *(») 

He faaciiaa lf£j äs «atias* ay caw ianegjal of B«. f©.2*J ahea 

*■ £ > 3. la ttw lowr £ fdaaa *(£) anS it« a** derivative iaf£) 

•ra givea ay laslr analytic caaAlaacttoa 

«W(C> « l*V)f * 2i/T(-i)" -„(CW-t*)   (D.36) 

«sere » CC) are tae Semite aolyaoaiala^ satis fflag the recurrence 
■a 

relatioc 

V^ = -^"a-l^} * "n-l*C)    ^ h.<C) - 1 • 

The function 2.(0    satisfies toe following differential equation 

«'CO + 2CZ(C) +2 = 0 (D.37) 
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or 1/    liJ    is large. 

«■(c) 
-(1 - l/2n) 

-t   ♦ 3/2 ♦        2 - C /» " 1/2» ♦ 

la C> 0 

n> 2 

(D.l«2) 

To obtain the relation equivalent to Eq.  (D.42) for    Im £ < 0,    we use 

Boj.  (D.36).    Continued fraction expansions are useful in the intermediate 

range of    |cj,    i.e.,    2 < \Q\ < 8,    where neither the power series 

expansion nor the asymptotic expansion are satisfactory. 
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Partial integration in    ▼   yields 

a « - 

2    2     Ä 
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The velocity integrals can be perforoed with the result 

2 2 
e ve 
nu> 

I     dp ik • 
•'0 

L X L • (B«L*)exp 

2 2 
*2£ - J-L (2.1)2* 
CD c  a». 

.(*» 

From Eq. (D.6) we have 

k ' L X L • (I*L') = -k •T(ip) X L(-<p) • E .      (E.5) 
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[jk fc| > 1.5. 

~t* * s |2B"SS"'1| ♦ 
(l*2a}(3/2 + a) (1/2) 

{U2 - «)(V2 - a)l/%      (3/2 - a)(7/2 * n)l/k 

c * x 3+ x 

fter —«iIT ««laws of     |x|, 

(F-6) 

•erics representations for 

■     are o 

la the Progran for Ions 

Dar eates near the ioa cyclotron and Ion plasaa frequencies, the 

«eve nasbers k *rm  very anall as conpared to \k.  \,    asking the wave 
I A 

propagation alaoet perpendicular to the coluan. In a certain range of 

anall k , fk | becones tu large that s prohibitive number of terns 

has to be taken in the series representation of the ions susceptibility. 

Ve ss* in Appendix 0 that only one integration ie needed to evaluate 

the susceptibility tensor elements, i.e., 

S 
li o 

exp 

.2 2    2      L2 2 
Jog . k|V6l<P    _ ^9i 

*a 
(1 - cos <p) 

ci        2<u 
ci m ci 

•   (F-7) 

This integral represents a Laplace transform of a product of two 

functions, 

q1(q.) « exp 

.2 2 
V8l „2 
 5" <P 

2a) ci 

(F.8) 
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"W ■«■» im 

(F.9) 

., —«-.J, the convolution theoren can be used in its evaluation. The 

result of this procedure Is given by 

«here 

11 r. =^ -.(-.<) (F.10) 

-.2 2 
2   ^i^ei 

xi =~^~ 
a> cl 

and 

X2     k2v2 

i     xei 

v = (D 

(D 
Ci 

'h^)"i e4 exp iycp - ~ (1 - cos 9) I    dp . (P. 11.) 

The Integral for purely transverse propagation J [v.(X /2)]  has been 

evaluated by Derfler ' in terms of Nielson's cylinder function. J A 
p 

fast computer program based on this result is used to find J [v,(X /2)]. 

The integral of Eq. (F.10) is then evaluated by the Gauss-Hermite quadra- 
6k 

ture formula.   This technique is particularly good when the quantity 

x±    is very small in which case exp[-(v/x ) "}/(■/%  x ) approximates 

a Dirac delta function. 

The entire program was written in STBALGOL which is the Stanford 

version of ALGOL 60. 
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